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Preface

About three years ago, while in Washington, D.C. for a meeting, [ came
across a bookstore specializing in used books on logic and literature. Inside,
I came across a thin volume by Martin Gardner called Logic, Machines,
and Diagrams. Opening that book brought about a small epiphany.

How many hours had I spent in Kansas City Central High School’s
library reading Gardner’s Scientific American columns those many years
ago, I wondered? And how large a hall would it take to hold everyone whose
career was influenced by those monthly features? But these thoughts were
only the backdrop against which my psychodrama played itself out. To
explain, I must go back several more years.

Logic is the science of reasoning. In this regard it is at the very heart
of all rational inquiry, transcending any particular branch of engineering,
science, or mathematics. I became interested in logic in high school in
the late 1950’s and have happily spent my professional life in its pursuit.
In the early 1980’s, when I was on the faculty at Stanford University, the
first Macintosh computers came on the market with a whopping 128K of
memory. A friend and colleague, John Etchemendy, and I were inspired
by the visual power of the Macintosh to try to develop programs for it
that would help our students visualize and understand some of the more
abstract notions of logic. This collaboration has over the past decade led
to the development of Turing’s World, Tarski’s World, and most recently,
Hyperproof. Fach of these is a courseware package that teaches some basic
notions in logic by exploiting diagrams one way or another.

While our motivation was pedagogical —to provide better ways for our
students to learn standard material from logic—something unexpected hap-
pened. We found our students using the diagrams of Turing’s World and
Tarski’s World in ways that did not fit within the confines of logical the-
ory as we knew and taught it. They were using diagrams to reason in
ways that were clearly logically valid but that just were not accounted for
within the very theory we were teaching. The reason for this was that the
existing logical theory took the sentence as the basic unit of reasoning and
analyzed valid methods of reasoning solely in terms of relationships among
sentences.
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The discovery of empirical data that does not fit within existing the-
ory is (or should be) an exciting occurrence in any science. Our initial
observation opened our eyes to a treasure trove of unexplained methods of
reasoning used pervasively in every branch of engineering, science, math-
ematics, and even in everyday life. A small sample includes hardware
design diagrams, blueprints, the Minkowski diagrams of relativity theory,
Feynman diagrams, molecular bond diagrams, Cartesian graphs in calcu-
lus, commuting diagrams of modern algebra, as well as good old everyday
maps, photos and charts. We took up the challenge to expand the science
of logic to account for the logical properties of these tools.

Over the past few years visual information has become even more im-
portant, and the graphic capabilities of modern computers allow us to
visualize huge amounts of scientific data in new ways, to develop products
using CAD systems, and to explore new places over the World Wide Web.
It seems to us evident that it is important to understand the logical prop-
erties, good and bad, of these forms of visual presentation of information.
What is it to use visual information in logically valid and invalid ways?

FEtchemendy’s and my discovery led to the first chapter of this book
(written in 1989), a kind of gauntlet thrown down to the logic commu-
nity. It also led to the development of the Hyperproof courseware package
mentioned earlier, to the creation of the Visual Inference Laboratory at
Indiana University, and to exciting work in this area by our students and
colleagues, which brings me back to that June day in Washington, D.C.

What I realized as I opened Gardner’s Logic, Machines and Diagrams,
published in 1958, was that I had seen this book before. Not just that, I
had owned and read it when I was still a high school student. That was
where 1 first learned about Venn diagrams, Euler circles, Lewis Carroll’s
diagrams and other diagrammatic techniques. While I had no conscious
memory of the book, the memory must have been there to be released by
the presence of that slim book. And it must have played some role in my
part of the “discovery” with Etchemendy of the importance of diagrams
in reasoning. It was then that I decided to help create a new book about
logic and diagrams in the hopes that it would inspire others to pursue the
topic. The chapters of this book advance the theoretical frontiers of the
study of the logic of diagrams. But if truth be told, the subject is still in its
infancy. My hope is that this book’s appearance will encourage scientists
and mathematicians to be more up front about the use of diagrams in their
own reasoning, teachers of logic to use them in their teaching, and future
logicians to contribute to the development of the logic of diagrams.

Indiana University Jon Barwise

4 July 1995






X Preface

Chapter VIII, by Barwise and Etchemendy, originally appears as Het-
erogeneous Logic, in Diagrammatic Reasoning: Cognitive and Computa-
tional Perspectives, edited by J. 1. Glasgow, N. H. Narayanan, and B.
Chandrasekaran, published by AAAI/MIT Press. Copyright (©1991 Amer-
ican Association for Artificial Intelligence.



Preface X1

About the Contributors:

Gerard Allwein is a logician-computer scientist and was a main engineer
behind the Hyperproof program. He received his Ph.D. in computer science
and logic from Indiana University in 1992 and is assistant director of the
VI Lab and an adjunct member of the [.U. Computer Science Department.

Jon Barwise is COAS Professor of Philosophy, Mathematics, Computer
Science and Logic at Indiana University. He moved to 1.U. in 1990 and
founded the Visual Inference Laboratory, of which he is the director. He
also directs the I.U. Program in Pure and Applied Logic.

Norman Danner is currently a graduate student in the Indiana Univer-
sity Bloomington Mathematics Department. His current interests include
feasible computation in classical mathematics and notions of recursion.

John Etchemendy is Professor of Philosophy and Symbolic Systems at
Stanford University, where he is Senior Associate Dean for the Humani-
ties. Etchemendy is the author of The Concept of Logical Consequence and
coauthor with Jon Barwise of a number of books and courseware packages,
including Hyperproof.

Kathi Fisler is a Ph.D. candidate in the Department of Computer Science
at Indiana University. She is a joint member of the Visual Inference and
Hardware Methods Laboratories. Kathi currently holds a Ph.D. Fellowship
from AT&T Bell Laboratories, where she has studied hardware verification.

Eric Hammer is a Postdoctoral Fellow at the Center for the Study of
Language and Information at Stanford University. He recieved his Ph.D.
in Philosophy from Indiana University and was the first Ph.D. of the Visual
Inference Lab.

Steven D. Johnson is an Associate Professor of Computer Science at
Indiana University. His research interests include formal methods for spec-
ification and verification of systems, programming languages, and logic. He
is a faculty participant in the Visual Inference Laboratory.

Isabel Luengo is a former member of the Visual Inference Lab. She
received her Ph.D. in Philosophy from I.U. in 1995 and is currently a Phi-
losophy Instructor at MiraCosta College.

Atsushi Shimojima is a Ph.D. candidate in the Department of Philoso-
phy at Indiana University. He is a research assistant of the Visual Inference
Laboratory. Atsushi’s rescarch is mainly in the theory of information orig-
inated in situation theory and operational constraints in reasoning.

Sun-Joo Shin received her Ph.D. from Stanford University and is an
assistant professor of philosophy at Notre Dame University. She is currently
working on the philosophy and logic of C.S. Peirce.



This page intentionally left blank












This page intentionally left blank






This page intentionally left blank









W

2. The legitimacy of heterogencous inference

into question some of the basic assumptions that have led to the theorist’s
disdain for such reasoning.

On the universality of linguistic representation

The modern account of inference given to us by logic has an unstated
assurnption, namely that all valid reasoning is (or can be) cast in the form
of a sequence of sentences in some language. This picture has been strongly
challenged by psychologists investigating visualization. An example tracing
back to Stenning {1977] and Kosslyn [1980] involves the use of maps and
map-like representations in human problem solving.

Example 2.1 Suppose you are a tourist in San Francisco’s Chinatown,
and a motorist stops and asks how to get to China Basin. You take out
your map, find both Chinatown and China Basin, and tell him what route
he could take.

Here there is a clear sense in which you have engaged in a valid piece
of deductive reasoning, one whose assumptions consist in part of the in-
formation provided by the map and whose conclusion consists of the claim
that a certain route will take the motorist to China Basin. But notice that
you do not simply “read” the map in the sense in which you might read
the same directions written out on a scrap of paper. The map contains
a vast amount of information, most of which is useless for any particular
use of the map. In particular, it contains information about how to get
from Chinatown to China Basin, the information also contained in your
subsequent directions. But this information has been extracted from the
map and expressed in a very different form.

Kosslyn uses such examples to argue that visual and linguistic repre-
sentations of the same information have different properties. His point is
that one form may represent a given piece of information more efficiently
than another for a particular purpose. This same conclusion is reinforced
by Stigler (1984) in studying the role of visualization in mental calculation.
Noting Kosslyn, Stigler observes that “much of what we know can be rep-
resented in more than one format (e.g., images or propositions), and .. . for
different tasks, different representational formats may lead to differences in
the nature, speed, and cfficiency of the processing they support” (p. 175).

We think this is an important point. But we also think that in many
cases it is more than a matter of alternative representations of a given piece
of information. Consider another example.

Example 2.2 Supposc you are at a large party and want to meet a visiting
mathematician (Anna, to give her a name) whom you know to be there.
You are told that Anna is in the next room talking to a man with a beard.
When you enter the room you see that, unfortunately, there are two bearded
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men. Fortunately, though, they are both talking to the same woman. You
conclude that she must be Anna.

Note that in this case your conclusion is based on two forms of informa-
tion. One of these is the earlier statement (plus your knowledge that Anna
is a woman), the other is information you get from the scene in front of
you. Although some might claim that you translate the latter information
into mental sentences of some sort, there is no obvious reason to think this
is so.

For our purposes, the crucial feature of this example is that the conclu-
sion associates a name with a person in a way that transcends each domain
individually, both the linguistic and the visual. Because of this, the rea-
soning cannot be accurately modeled by deductions in a standard formal
language. The nearest sentential analog to this conclusion might associate
a name with some description (“Anna is the woman who ...”), rather than
with Anna herself. Alternatively, we might employ some deictic, demon-
strative, or indexical element (“That woman is Anna”), but of course it
is not this sentence, in isolation, that is the conclusion of your reasoning.
Only when we interpret the demonstrative as referring to Anna have we
captured the genuine content of your conclusion.

We also note that if this really is a case of heterogeneous inference, then
it is clear that this kind of reasoning is ubiquitous in daily life.

On the dangers of visual representation

The main reason for the low repute of diagrams and other forms of visual
representation in logic is the awareness of a variety of ill-understood mis-
takes one can make using them: witness the fallacies that have arisen from
the misuse of diagrams in geometry. By contrast, it is felt that we have a
fairly sophisticated semantic analysis of linguistically based reasoning.

QOur counter to this attitude is two-fold. First, we note the obvious
fact that a wide variety of mistaken proofs and fallacious inferences do not
use visual information. These range from the traditional informal fallacies,
to the misapplication of formal rules (for example, inadvertently captur-
ing a free variable in a substitution), to mistakes far harder to classify or
categorize. And, as we all know, a simple diagram can often be used to
pinpoint such an error. The mere existence of fallacious proofs is no more
a demonstration of the illegitimacy of diagrams in reasoning than it is of
the illegitimacy of sentences in rcasoning. Indeed, what understanding we
have of illegitimate forms of linguistic reasoning has come from careful at-
tention to this form of reasoning, not because it was self-evident without
such attention.

Our second reply is to point out that although one can make mistakes
using various forms of visual representation, it is also possible to give per-
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fectly valid proofs using them. We give some examples here. Later chapters
present rigorous logical systems that employ diagrams in essential ways.

Example 2.3 Recall that the Pythagorean Theorem claims that given
any right triangle as follows,

the sum a? + b? is equal to ¢2, the square of the hypotenuse. One familiar
proof of this theorem involves a construction that first draws a square on
the hypotenuse:

and then replicates the original triangle three times as shown:

B c
(1 O
a
O
A b D

Using the fact that the sum of the angles of a triangle is a straight line, one
easily sees that ABCD is itself a square, one whose area can be computed
in two different ways. On the one hand, its area is (a+b)?, since the sides of
the large square have length a+5b. On the other hand, we see by inspection
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that its area is also c? + 4z, where z is the area of the original triangle, i.e.,
T = %ab. This gives us the equation

(a+b)% = ¢* + 2ab,
which leads to the desired equation,
a? +v? =2

It seems clear that this is a legitimate proof of the Pythagorean The-
orem. Note, however, that the diagrams play a crucial role in the proof.
We are not saying that one could not give an analogous (and longer) proof
without them, but rather that the proof as given makes crucial use of them.
To see this, we only need note that without them, the proof given above
makes no sense.

This proof of the Pythagorean Theorem is an interesting combination
of both geometric manipulation of a diagram and algebraic manipulation
of nondiagrammatic symbols. Once you remember the diagram, however,
the algebraic half of the proof is almost transparent. This is a general
feature of many geometric proofs: Once you have been given the relevant
diagram, the rest of the proof is not difficult to figure out. It seems odd
to forswear nonlinguistic representation and so be forced to mutilate this
elegant proof by constructing an analogous linguistic proof, one no one
would ever discover or remember without the use of diagrams.

As we have noted, there is a well-known danger associated with the use
of diagrams in geometrical proofs. The danger stems from the possibility
of appealing to accidental features of the specific diagram in the proof. For
example, if any piece of our reasoning had appealed to the observation that,
in our diagram, a is greater than b, the proof would have been fallacious,
or at any rate would not have been as general as the theorem demands.
Nevertheless, it is clear that we did not make use of any such accidental
features in our proof. Further, it should be noted that a linguistically
presented proof can have accidental features that lead to errors as well.
For example, one of the constituent sentences may be ambiguous. More
than one error has resulted from a valid step that is expressed ambiguously.

The potential for error in diagrammatic reasoning is real. But as we
have noted, it is no more serious than the sorts of fallacies that can occur
in purely linguistic forms of reasoning. The tradition has been to address
these latter fallacies by delving into the source of the problem, developing
a sophisticated understanding of linguistic proofs. It is not obvious that an
analogous study of diagrammatic reasoning could not lead to an analogous
understanding of legitimate and illegitimate uses of these techniques.

Example 2.4 We are all familiar with the use of Venn diagrams to solve
problems and illustrate theorems in set theory. Consider, for example, their
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use in proving the distributive law,
AU(BNnCy=(AUB)N(AUC).

To prove this, we draw two copies of a diagram with circles used to represent
the three sets. We successively shade in these diagrams, with operations
corresponding to union and intersection, Figure 1 shows the derivation of
the left-hand side of the distribution equation.

Figure 1: Derivation of AU (BN C)

Figure 2 shows the derivation of the right hand side of the distribution
equation.

The fact that we end up with the same diagram in both cases shows
that the distributive law holds.

Venn diagrams provide us with a formalism that consists of a standard-
ized system of representations, together with rules for manipulating them.
In this regard, they could be considered a primitive visual analog of the
formal systems of deduction developed in logic. We think it is possible
to give an information-theoretic analysis of this system, one that shows,
among other things, that the demonstration above is in fact a valid proof.

In Venn diagrams, regions on the page represent sets, adding and in-
tersecting regions correspond to union and intersection of sets. Shading a
region serves to focus attention on that region. What makes our purported
proof a real proof is the fact that there is a homomorphic relationship be-
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B C B c B ¢ B c
Uk " J Uk T J
A A

Figure 2: Derivation of (AU B)N (AU C)

tween regions (with the operations of addition and intersection of regions)
and sets (with the operations of union and intersection of sets).!

As we have said, diagrams can lead us into error if they are used im-
properly. For example, if we were to take the nonemptiness of a region as
indicating nonemptyness of the represented set, we would be led to con-
clude that the intersection of A, B, and C is nonempty, which it might not
be. Likewise, the size of a region carries no representational significant
whatsoever about the represented set, any more than the size of the letter
“A” indicates that the set denoted is larger than the set denoted by “a.”
The use of diagrams, like the use of linguistic symbols, requires us to be
sensitive to the representational scheme at work.

Mathematics instructors know from experience that these sorts of dia-
grammatic proofs are much more helpful and convincing to students than
more standard linguistic proofs. Frequently, they enable the student to see,
in a way that formal proofs do not, just what the theorem is saying and
why it is true.

The sort of reasoning we have examined most closely is typified by

IMore precisely, given any three sets A, B, and C we map the various regions in
our diagrams to the obvious sets. This is a homomorphism relative to the operations
mentioned, so any positive statcment formulated in terms of adding and intersecting
regions that is true of the diagram corresponds to a true statement about the sets.
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problems found in puzzle magazines or on the analytical reasoning section
of the Graduate Record Examination. A very simple example of this kind
of problem is described in Example 2.5.

Example 2.5 You are to seat four people, A, B,C, and D in a row of five
chairs. A and C are to flank the empty chair. C must be closer to the
center than D, who is to sit next to B. From this information, show that
the empty chair is not in the middle or on either end. Can you tell who
must be seated in the center? Can you tell who is to be seated on the two
ends?

We urge the reader to solve this problem before reading on. As simple as
it is, you will no doubt find that the reasoning has a large visual component.
Probably you will find it useful to draw some diagrams. With more complex
problems of this sort, diagrams become even more essential.

One line of reasoning that can be used in solving this problem (the one
we analyze in Barwise and Etchemendy (1990)) runs as follows. Let us use
the following diagram to represent the five chairs.

Our first piece of information tells us that A and C are to flank the empty
chair. Let us use x to signify that a chair is empty. Then we can split into
six cases. Or, since the problem does not distinguish left from right in any
way, we can limit our attention to three cases, the other three being mirror
images of them.

Case 1 Cuase 2

b
X
Q
AN
[ X
I

Case 3

4 x C

Using the fact that C must be seated closer to the center than D, we can
eliminate Case 3, since C is not closer to the center than any available
chair. Similarly, since D must sit next to B, we can rule out Case 2, since
no contiguous chairs are available. This leaves us with the following two
possibilities:
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Case 1.1 Case 1.2

A x ¢ B D A x ¢ D B

In both of these cases, all of the stated constraints are satisfied, and so
we know that neither case can be ruled out. This allows us to answer the
questions posed in the puzzle. First, we see that in both cases the empty
chair is not in the middle or on either end, as desired. Second, we see that
C must be seated in the middle. And finally, we see that A must be on one
end of the row, but that we do not know whether B or D is on the other
end. Either one is possible.

We are convinced that, properly understood, the demonstration above
is a valid proof of the conclusions reached, not just a psychological crutch to
help us find such a proof, as the traditional account would have us believe.
Moreover, we think that there are some parts of this proof that are missed
in traditional accounts of inference. Notice, for example, that although
our reasoning is all of a piece, the three parts of the problem have quite
different characteristics when looked at from the traditional perspective.
The first question asks us to prove that a specific fact follows from the
given information. The second, in contrast, ask us whether a certain sort
of information is implicit in the given information, and the answer is yes.
The third question is of the same sort, but here, we end up showing that
something does not follow from the given, namely, who is seated on the end
opposite A. We show this nonconsequence result by coming up with models
of the given, one of which has B on the end, while the other has D. Nor-
mally, showing that something follows from some assumptions and showing
that something does not follow are thought of as dual tasks, the first de-
duction and the seccond model building. This dichotomy seems unhelpful
in analyzing the reasoning above, since there was no apparent discontinu-
ity between the portions of the reasoning that demonstrated consequence
and the portions that demonstrated nonconsequence. This occurence, in
one reasoning task, of parts that are usually thought of as duals of one
another (deduction and model construction) turns out to be typical of a
whole spectrum of reasoning tasks. The desire to account for this dual
nature of ordinary reasoning is an important motivation for some of the
details of our theory of heterogeneous inference.

We have claimed that diagrams and other forms of visual representation
can be essential and legitimate components in valid deductive reasoning. As
we have noted, this is a heretical claim, running counter to a long tradition
in mathematics, logic, and certain traditions within cognitive psychology.
No doubt many readers will initially find it implausible. We invite such
readers to work out a solution to Example 2.5 using a standard system of
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deduction, and to compare the complexity and structure of that solution
with the original solution using diagrams. This sort of exercise has con-
vinced us that even when syntactic analogs can be constructed, they are
poor models of much actual valid reasoning.

Various uses of visual information in valid reasoning

Looking back at these and similar examples, we see that there are at least
three different ways that visual representations can be part of valid reason-
ing. (i) Probably the most obvious and pervasive form in everyday life is
that visual information is part of the given information from which we rea-
son. In the simplest case, this sort of reasoning extracts information from
a visual scene and represents it linguistically. (ii) Visual information can
also be integral to the reasoning itself. At its most explicit, such reasoning
will employ an actual diagram, as in the examples above. In other cases,
there may be no need for such an explicit diagram, since the reader will be
able to visualize the steps without it. (iii) Finally visual representations
can play a role in the conclusion of a piece of reasoning. Imagine replacing
the story of Anna above by a similar story where the problem is to provide
a caption for a photo identifying the people represented by the photo. In a
given problem, visual information could play any or all of the above roles.

We suspect that visualization of sort (ii) plays a much bigger role in
mathematical proofs than is generally acknowledged, and that this is in fact
part of what accounts for the discrepancy between mathematical proofs
and their formal counterparts. In calculus, for example, the concept of
a continuous function is essentially a visual .one, one that is linguistically
captured by the usual € — ¢ characterization. But it seems clear that in
giving proofs we often shortcut this characterization and rely more directly
on the visual concept. Another example is the ubiquity of arrow diagrams
in modern mathematics. As Saunders Mac Lane puts it in the first sentence
of his classic book on category theory:

Category theory starts with the observation that many proper-
ties of mathematical systems can be unified and simplified by a
presentation with diagrams of arrows.? (Mac Lane 1971, p. 1)

If visualization plays a bigger role in mathematical proof than has been
widely recognized by our accounts of proof, it would explain in part the
difficulty of creating automated proof checkers, let alone automated proof
generators, based as they are on the linguistic model of reasoning. And it
could account for the trouble our students have in mastering the ability to
prove things.

2We note that there are actually two sorts of diagrams in category theory, diagrams
as physical parts of proofs, and abstract objects called diagrams used to model them.
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For another, an object’s location, size, or shape may not be determined.?

Below the diagram, the user is given information by means of sentences
in the usual first-order logical notation. This information will typically be
compatible with, but go beyond, the incomplete information depicted in
the diagram. It will also typically be the sort of information not easily
incorporated in a diagram.

Given these two sources of information about a blocks world, the student
is presented with some reasoning task or tasks. These come in a variety
of forms, analogous to some of the examples in the preceeding section. In
one type of problem, the student is asked to use the given information
to identify one of the depicted objects by name. In another, the student
is asked to determine whether some other claim follows from the given
information. If it does, the student is required to demonstrate this by means
of a proof, one that can use both sentences and diagrams that extend the
original diagram. If it does not follow, the student is required to prove this
by constructing an extension of the orginal diagram that depicts a world
that falsifies the claim. More sophisticaed reasoning tasks that combine
these can also be given, like “What is the most you can say about the
number of cubes left of d?” Such a problem might involve identifying d,
showing that in all worlds compatible with the given information, there are
at least three and at most four cubes left of d, and finally showing that in
some such worlds there are exactly three, while in others there are exactly
four.

Hyperproof provides, in addition to the facilities for presenting the sorts
of information described above, a system of inference rules that allows
the student to manipulate the information. The rules include all the usual
linguistic rules familiar from first-order logic, but also rules for dealing with
the extralinguistic information provided by the diagram. A “keyboard” for
use in giving proofs can be found on the right of the screen. Rather than
go into detail about these rules, we will illustrate them by means of an
example.

Figure 3 shows a sample problem that a student might solve using
Hyperproof. The goal of this problem (stated at the lower left) is to prove
that d is either a cube or small. The given information comes in the form of
four sentences plus the information in the diagram. The diagram indicates
that one of the objects is named ¢ but does not indicate which objects are
named b or d. And, as it happens, there is not enough information given
to determine which objects are named b or d. Another way in which this
diagram is incomplete has to do with the size of one of the tetrahedra.
The “barrel” with a triangle on it represents a tetrahedron whose size is

3The one form of uncertainty that our program does not incorporate is uncertainty
about the number of objects in the world in question. We allow the user to assume that
he can see every object in the world.
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Hyperproof

B v
- Large{a) ¥ Small(a) v Given
‘= Dodec(b) A Front0f(a, b) v Given
- ¥x ((Tet(x) A Large(x)) = LeftDf(d, x)) v Given
- —3x {(Small{x) A Front0f(x, c)) v Siven

Figure 3: The initial screen.

unknown. (Similar graphical devices are used to represent other forms of
partial information.)

The reader might like to solve this problem before reading on. To do
s0, one needs to know that FrontOf means further forward though not nec-
essarily on the same file, and LeftOf means to the viewer’s left, though not
necessarily on the same rank. We will work through one possible solution
to this problem.

We start by citing the second sentence to break into two cases (using the
rule Exhaustive Cases), as shown in Figure 4. In the first of these cases,
we have labelled the medium sized dodecahedron & and the tetrahedron
in front of it a. In the second, we have labeled the other dodechahedron
b and the tetrahedron in front of it a. The system permits this breaking
into cases only because every blocks world compatible with the original
diagram and the cited sentence must also be compatible with one of these
two extensions of the diagram. So, for example, had there been another
possible dodechahedron in the diagram, these cases would not have been
exhaustive, and the program would have required the student to find the
missing case or cases.

At this stage, we are in a situation analogous to the Anna example in
the precceding section. Namely, we are not sure which object is b but, in
either case, we know that the tetrahedron of unknown size is a. This allows
us to use the rule Merge Cases to regain a single diagram containing the
information that a is the tetrahedron of unknown size. This is shown in
Figure 5.

We are now in a position to use the information provided by the first
sentence, that a is large or small, since we now know which object is a. We
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Figure 4: After breaking into cases.
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Figure 5: After merging cases.
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&

Exhaustive

L 4

Exhaustive

Figure 6: After breaking into cases again.

again use the rule Exhaustive Cases to break into cases, one where a is
large, the other where a is small. The result is shown in Figure 6.

The second of these cases can be eliminated on the basis of the informa-
tion contained in the last sentence. This sentence says that there is nothing
small in front of ¢, but the diagram Figure 7 indicates that a is both small
and in front of ¢. We can thus apply the rule Close Case by citing the
diagram and the fourth sentence, as shown. The program checks that the
sentence is false in any blocks world compatible with the diagram, and so
permits this closing, leaving us in the situation depicted in Figure 8.

We next cite the third sentence which says that d is to the left of every
large tetrahedron. This allows us to use the rule Exhaustive Cases again
to break into the three cases shown in Figure 9.

Each of these cases is compatible with all the given information, so
we cannot determine which object is d. But we observe that the desired
conclusion, that d is either a cube or small, holds in each of these cases.
Thus, we can use the rule Inspect, which allows us to survey all the open
cases, verifying that a particular claim holds in all of them. The program
displays each open case in turn, evaluates the desired claim, and indicates
whether it is true or not before going on to the next case. If the claim
holds in all cases, the program indicates that the rule has been successfully
applied. This leaves us with the final stage of our proof, as shown in
Figure 10.

This example does not illustrate the use of several important rules avail-
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-

Exhaustive

Figure 9: After breaking into cases yet again.

able to the student. For example, it does not show any of the traditional
logical rules of inference at work. But it does give a rough feel for the sorts
of things one can do using the diagrams.

We have never had the patience to work out a purely linguistic proof
of this problem. We have done this exercise for a much simpler problem,
where the resulting proof was over 100 lines long, and was quite unintuitive.
This was a problem where one could think through the diagramatic solution
in one’s head with little effort. The present problem is more difficult. We
suspect that a purely linguistic proof would be on the order of 200-300
lines, well beyond the reach of any but the most diligent logic student with
no date for the weekend.

We believe that programs like Hyperproof will aid greatly in teaching
students general reasoning skills of use both in mathematics and in every-
day life. In part it works by forcing the student to focus on the subject
matter of the problem, rather than to resort to purely formal manipulation
of symbols. But it also works by exploiting the power of visual representa-
tions in reasoning.

The system currently available, (Barwise and Etchemendy [1994]), is
restricted to reasoning about blocks worlds. However, a second generation
program is in the planning stage. It will provide a toolbox for constructing
diagrams of a more abstract and general sort, for use in solving a wide
variety of puzzles and problems, typified by the analytic reasoning problems
found on the Graduate Record Examination. In particular, it would allow
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if the information content of the first is contained in the content of the
second, that is, if all the models of the second are models of the first. A
deductive system is said to be sound provided that a derivation of one sen-
tence from another is possible only if it is in fact a consequence of that
sentence. The system is said to be complete if whenever one sentence is
a consequence of another there is in fact a derivation of the one from the
other.

These familiar techniques have been tailor made to the homogeneous,
linguistic case. When we turn our attention to heterogeneous inference,
we need to generalize them along various dimensions. On the one¢ hand,
it would be nice to exhibit something comparable to a deductive system
that allows us to generate mathematical analogs of valid reasoning, but
where the reasoning involves multiple forms of representation. But more
importantly, we need a semantic touchstone to assess the adequacy of such
reasoning.

In addition to our work on Hyperproof, we have been working on devel-
oping such a touchstone. There are several challenges to be met. One has
to do with simply coming up with a framework that does not presuppose
that information is presented linguistically, or, for that matter, in any par-
ticular medium. Thus, we need a notion of information and information
containment that is independent of the form of representation. Given such
a notion, we need to be able to say what it means for a given attempt at
a proof to be a genuine proof. And we need a way to say all this with-
out knowing in advance the form in which the information is going to be
represented. Our first attempts along these lines are spelled out in the
companion article mentioned earlier.
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is in stark contrast to sentential inference, where even the most trivial
consequence needs to be inferred explicitly.

Conjunctive vs disjunctive information

It is often said that a picture is worth a thousand words. The truth behind
this saying is that even a relatively simple picture or diagram can support
countless facts, facts that can be read off the diagram. Thus a diagram
can represent in a compact form what would take countless sentences to
express. By contrast, sentences come into their own where one needs to
describe a variety of mutually incompatible possibilities. For instance, in
our Hyperproof example, the facts expressed by the various sentences could
not themsleves be represented in our first diagram. It is only after we have
used other information that we can take advantage of this information in
subsequent diagrams.

Homomorphic vs non-homomorphic representation

Another advantage of diagrams, related to the first two, is that a good dia-
gram is isomorphic, or at least homomorphic, to the situation it represents,
at least along certain crucial dimensions. In Example 2.5, there is a map-
ping of certain facts about our two dimensional diagrams to corresponding
facts about the three dimensional arrangment of chairs and people. In our
Venn diagram proof, there is a homomorphic relationship between regions
and sets. This homomorphic relationship is what makes the one a picture,
or diagram, of the other. By contrast, the relationship between the linguis-
tic structure of a sentence and that of its content is far more complex. It
is certainly nothing like a homomorphism in any obvious way.

Symmetry arguments

As we have looked at the use of diagrams in solving various sorts of puzzles,
we have been struck by the fact that in most such solutions, there is some
sort of symmetry argument, either explicit or implicit. We have scen such
an argument in the case of Example 2.5. Such arguments often result in
a drastic lowering of inferential overhead, by cutting down on the number
of cases that need to be explicitly considered. Diagrams often make these
symmetry arguments quite transparent.

There are various ways to try to analyze this phenomenon. For instance,
in Example 2.5, we can think of each diagram as admitting two distinct
readings, and so as representing two distinct cases. Whether or not this is
the best analysis of the phenomenon, it seems clear to us that the ability
to shortcut the number of cases that need to be considered by appealing to
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symmetries in the diagrams and the situations they represent is a significant
aspect of the power of diagrams in reasoning.

Perceptual inference

Strictly speaking, the eyes are part of the brain. From the cognitive point
of view, however, the perceptual apparatus is fairly autonomous. The
sorts of things it does are fairly well insulated from the forms of reasoning
we engage in at a conscious level. Nevertheless, the perceptual system is
an enormously powerful system and carries out a great deal of what one
would want to call inference, and which has indeed been called perceptual
inference.

It is not surprising that this is so, given the fact that visual situations
satisfy their own family of constraints. Indeed, it is the fact that visual
situations do satisfy constraints that has made it possible for our perceptual
system to evolve in the way that it has. And so it is not surprising that
people use the tools this system provides in reasoning. Indeed, it would
be incredible were this not so. Once the ubiquity of visual reasoning is
recognized, it would seem odd in the extreme to maintain the myth that it
is not used in mathematics.

Two final remarks

We end by reminding the reader that we are not advocating that mathe-
matics replace linguistic modes of representation by diagrams and pictures.
Both forms of representation have their place. Nor are we advocating that
logical proofs should be anything less than rigorous. Rather, we arc ad-
vocating a re-evaluation of the doctrine that diagrams and other forms of
visual representation are unwelcome guests in rigorous proofs.

As we have noted, our understanding of valid inference using linguistic
modes of representation is far less advanced than is commonly supposed,
since the language mathematicians use is far richer than that of first-order
logic. This limitation has not blocked progress in mathematics. A full un-
derstanding of the power and pitfalls of visual representations is no doubt
a long way off. But lack of understanding should not block their use in
cases where it is clearly legitimate. Only time and dedication will provide
anything approaching a full understanding of the power of visual represen-
tation in logic, mathematics, and other forms of human reasoning. But a
major impetus for such work can come from the power the computer gives
us to use graphical representations in our proofs. For once such tools are
in wide use, we logicians will be forced to admit them into our model of
mathematical reasoning.
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reasoner retrieve it more “easily” than others. In fact, this is the approach
that psychologists have traditionally taken. In this chapter, we take a dif-
ferent path and focus on aspect (i) of diagrammatic reasoning. Namely,
we look closely at the process in which a reasoner applies operations to
diagrams and in which diagrams come to encode new information through
these operations. It seems that this process is different in some crucial
points from one type of diagrams to another, and that these differences
partially explain why some types of diagrams are better suited than oth-
ers to particular tasks of reasoning. The question is: what makes such
differences?

Our hypothesis is partly anticipated in the following passage from Bar-
wise and Etchemendy [1991a]:

Diagrams are physical situations. They must be, since we can
see them. As such, they obey their own set of constraints.. ..
By choosing a representational scheme appropriately, so that
the constraints on the diagrams have a good match with the
constraints on the described situation, the diagram can generate
a lot of information that the user never need infer. Rather, the
user can simply read off facts from the diagram as needed.

We extract the following two points from this passage: (i) there exists a set
of operational constraints that govern the process in which a reasoner con-
structs diagrams, (ii) depending upon the representation system associated
with the diagrams, these operational constraints may or may not intervene
in the process in which the diagrams encode information.? In our view,
the interventions of such operational constraints explain the suitedness or
ill-suitedness of some types of diagrams to particular tasks of reasoning.
Exactly how, if ever, do operational constraints over diagrams inter-
vene in the process of reasoning? This chapter aims to define as accurately
as possible two notions of intervention. In the next two sections, we will
illustrate these two notions with simple examples, and offer first tenta-
tive definitions of (i) the conditions in which an operational constraint on
diagrams gives a reasoner a “free ride” from information to information
(section 2}, and (ii) the conditions in which an operational constraint im-
poses “overdetermined alternatives” upon a reasoner {section 3). Using the
notions of free ride and overdetermined alternatives, we will show why some
derivations with diagrams can be shorter than those without, and how some
diagrams end up with so-called “accidental features” that mislead a rea-
soner. In section 4, we invoke the theory of information being developed by

2The quoted passage of Barwise’s and Etchemendy’s also suggests a particular way
in which the constraints governing diagrams facilitate reasoning. We will later discuss
this process under the namec of “free ride.”
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“Bs” (Figure 3), and then draw a circle labeled “As” completely outside
the B-circle (figure 4). We observe that the C-circle and the A-circle do
not overlap, and decide that the syllogism is valid.

Bs Bs

Figure 3 Figure 4

Each of these scenarios involves a case of “free ride.” Let us examine
scenario 1 more closely.

Let us call a portion of paper (or of any surface) on which a diagram
is drawn a “diagram site.” In drawing a Venn diagram on a diagram site,
we follow more or less explicit rules of operations. For ease of reference,
let Venn be the particular method of operations that we adopt in drawing
Venn diagrams®.

We start the derivation by applying an operation of the following type
to a blank diagram site:

(w1) Draw three (partially overlapping) circles, labeled “As,”
“Bs,” and “Cs” respectively.

Venn allows this type of action “any time” since the semantic conven-
tion associated with it does not assign any semantic value to the resulting
diagram. Next, on the basis of the assumption 8;, Venn allows us to:

(w2) Shade the complement of the B-circle with respect to the
C-circle.

On the assumption 8, the Venn allows us to:
(w3) Shade the intersection of the B-circle and the A-circle.

Now in virtue of an operational constraint governing Venn diagrams, this
sequence of actions causes the following fact to obtain on the diagram site:

(o1) The intersection of a circle labeled “Cs” and a circle la-

beled “As” is shaded.

4Shin [1991] develops a logical system that formalizes an operation method and a
semantic convention associated with Venn diagrams. Our description of Scenario 1
assumcs her system.
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Notice that this fact is a “side-effect” of the actions that we have taken:
none of the instructions wi,ws,ws orders us to shade the intersection of
the C-circle and the A-circle. Yet, on the semantic convention associated
with Venn diagrams, this fact has an independent semantic value, and lets
us read off new information s, a piece of information different from the
assumptions #; and 6 with which we start. We get the information 03 “for
free,” so to speak.

We find a similar case of free ride in scenario 2. Let Fuler be the set
of operation rules that we follow in drawing Fuler circles. On the basis of
the assumptions #; and 6s, Fuler allows us to:

(ws) Draw a circle labeled “C's” inside a circle labeled “Bs,”
and then to:

(ws) Draw a circle labeled “As” completely outside the B-
circle.

Again, in virtue of an operational constraint on Euler circles, this sequence
of actions makes the following fact hold on the diagram site:

(02) A circle labeled “Cs” appears completely outside a circle
labeled “As.”

Although neither of the instructions wy, ws entails the realization of the fact
oy, the fact o9 has an independent semantic value, and lets us read off the
conclusion 83 of the syllogism in question. Again, we get the information
65 for free.

In each of these scenarios, we get a “free ride” from the premises to the
conclusion of the syllogism. The relevant constraints are different in the
two scenarios—in Scenario 1, the relevant constraint is one that governs
the shadings of different areas of overlapping circles, while in Scenario 2,
the relevant constraint is one that governs the enclosure-disclosure relations
among circles of different sizes. However, these different constraints spare
us the same deduction steps—if we were using the standard first-order
calculus, we would have to go through two applications of modus ponens
and a universal generalization.

We tentatively define the notion of free rides in the following way:

Definition 2.1 (Free Ride—Tentative). We say that a method M of
operations and a semantic convention => provide a free ride from the in-
formation 6,...,6" to the information 8* iff the following conditions are
satisfied:

1. On the basis of the assumptions 6, ...,8’, the operation method M
allows a sequence of operations of the types w,...,w’ to be applied
to a diagram site.
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2. In virtue of a operational constraint governing the diagrams being
drawn, any sequence of operations of the types w,...,w’ realizes a
fact o on the diagram site.

3. None of the instructions w,...,w’ entails the realization of the fact
.

4. On the semantic convention =, the fact ¢ encodes the information
9*.

According to this definition, a free ride is where a reasoner attains a
semantically significant fact ¢ in a diagram site, while the instructions of
operations that the reasoner has followed do not entail the realization of ¢.%
Thus, we can view the process as one in which the reasoner has attained
the fact o without taking any step specifically designed for it. As free rides
accumulate in a longer process of derivation, the diagram site encodes a
large amount of information after relatively few steps of derivations.® This
explains the often observed phenomenon that a derivation in diagrams has
fewer steps than the corresponding derivation in sentences.

Notice that a free ride is essentially a case in which an operational
constraint intervenes in the process of reasoning—a free ride cannot occur
without an operational constraint of the kind specified in clause 2 of our
definition. Of course, the occurrence of a free ride also depends on the
operation method M and the semantic convention = that the reasoner
employs. But once M and = satisfy the conditions above, the operational
constraint intervenes in the process of reasoning, and lets the diagram en-
code the information 8* “automatically,” sparing the reasoner an inferential
step that would be otherwise required.

It is, however, another issue whether the “fre¢” information 8* that
the reasoner obtains actually follows from the initial assumptions 6, ...,6’.
That is, there may or may not be a constraint (pertinent to the target of
the reasoning) that makes 8* a consequence of 9,...,8. We will, therefore,
distinguish two cases of free rides in the following way:

Definition 2.2 (Correctness of Free Ride—Tentative). A free ride
from the information 8, ..., 0 to the information #* is correct iff there is a
constraint (on the target of the reasoning) that makes 6* a consequence of
6,...,0. The free ride is incorrect otherwise.

5We will later give a precise definition of what it is for “an instruction to entail the
realization of a fact.” For now, let us understand the English phrase by relying on what
it intuitively means.

OThis is the situation that Barwise and Etchemendy characterize by saying, “...the
diagram can generate a lot of information that the user never need infer.”
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Bs Bs
Ds Ds

Figure 6 Figure 7

Scenario 4

This time, we are given the following set of premises:

(61) All Cs are Bs.
(62) No Bs are As.
(05) All As are Ds.

We start with drawing the diagram in Figure 5 on the basis of the
first two assumptions. Now we want to represent the premise 85 in the
diagram. This requires us to enclose the A-circle in a circle labeled “Ds.”
However, such a D-circle must either have no overlap with the B-circle
and the C-circle (Figure 8), or overlap only with the B-circle (Figure 9),
or overlap with both (Figure 10). Again, each alternative indicates a piece
of information that does not follow from the given premises 6, 82, 685. We
must give up representing the premise fs in the diagram.

Bs

Figure 8

NP2

Bs
Bs

Figure 9 Figure 10
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In each of these scenarios, an operation constraint on diagrams imposes
overdetermined alternatives to the reasoner. Let us look at scenario 3 more
closely.

Following the operation method Euler, we take the following types of
actions on the basis of the assumptions 6, 85.

(wq) Draw a circle labeled “C's” inside a circle labeled “Bs.”
(ws) Draw a circle labeled “As” completely outside the B-
circle.
Now, on the basis of the assumption 84, the Euler allows us to:

{ws) Enclose the B-circle in a circle labeled Ds.

However, as a matter of operational constraints, if an operation of this type
is applied after the operations of the types wy, ws, one of the following facts
comes to hold on the diagram site:

(o3) A circle labeled “Ds” has no overlap with a circle labeled

“AS kb

(c4) A circle labeled “Ds” overlaps with a circle labeled “As.”7

Both of these facts have independent semantic values—they indicate the
following picces of information respectively:

(6s) No Ds are As.
(67) Some Ds are As.

Unfortunately, neither piece of information follows from the assumptions
01,02,04. The alternatives g3 and o4 thus constitute “overdetermined al-
ternatives,” which are imposed as long as we try to apply an operation of
the type wg after operations of the types wyq,ws.

Scenario 4 is a similar story. After taking actions of the types wy,ws on
the basis of the assumptions 6y, 603, we wish to represent the premise 85 in
the diagram. For this purpose, the operation method Fuler requires us to:

(w7} Enclose the A-circle in a circle labeled “Ds.”

7In fact, the alternative o4 has two sub-alternatives:
(o4—1) A circle labeled “Ds” partially overlaps with a circle labeled “As.”
(o4—2) A circle labeled “Ds” encloses a circle labeled “As.”
The previous picture for the alternative o4 is for the sub-alternative o4_1. For the

purpose of illustrating the notion of overdetermined alternatives, however, we do not
have to discuss these sub-alternatives.
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As a matter of operational constraints governing Euler diagrams, however,
any sequence of actions of the types wy,ws, w7 gives rise to one of the
following facts on the diagram site:

(o5) A circle labeled “Ds” has no overlap with circles labeled

“Bs” and “Cs.”

{06) A circle labeled “Ds” overlaps with a circle labeled *Bs”
but has no overlap with a circle labeled “Cs.”

(o7) A circle labeled “Ds” overlaps with circles labeled “Bs”
and “Cs.”8

On the semantic convention we adopt, these alternative states of affairs
indicate the following pieces of information respectively:

(8s) No Ds are Bs and no Ds arc Cs.
(89) Some Ds are Bs but no Ds are Cs.

(610) Some Ds are Bs and some Ds are Cs.

Unfortunately, none of these follows from the given- premises, 01, 0, and
@s. Thus, we must either give up representing the premise 65 or tolerate
that the diagram represents one of the above invalid conclusions.

We tentatively define the notion of overdetermined alternatives as fol-
lows:

Definition 3.1 (Overdetermined Alternatives—Tentative). We say
that a method M of operations and a semantic convention = impose
overdetermined alternatives on the assumptions 0,..., 60" iff the following
conditions are satisfied:

1. On the basis of the assumptions 6, ....#’, the operation method M

allows a scquence of operations of the types w,...,w’ to be applied
to a diagram site.

2. In virtue of an operational constraint governing the diagrams being

drawn, any sequence of operations of the types w,...,w’ realizes at

least one of alternative facts o,...,d’.

3. On the semantic convention =, each fact in o, ..., 0’ encodes a piece
of information that does not follow from the initial assumptions
0,...,6".

8Each of the alternatives og, 07 has two sub-alternatives, concerning enclosure and
partial overlapping between circles. Again, it is not cssential to list them separately for
the purpose of illustrating the notion of overdetermined alternatives.
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that Soa(7) is closed under the top T, the negation —, the implication O,
and the disjunction A, with their usual truth-functional interpretations.

For example, the target situation of the reasoning in Scenario 1 is a
fictional situation #; that has the classes of As, Bs, and C's as constituents.
Although the existence of ¢; is merely postulated for the purpose of the
logic exercise, we count ¢; as a member of Sit(7) for a certain domain
T. The pieces of information 8y, 85,05 are members of Soa(7) since all of
them can sensibly classify ¢y even though ¢; may not actually support (=)
some of them.

The domain of diagram sites A diagram site is itself a situation in
the world, and as such it belongs to its own domain of classification, just
as a target situation does. Namely, we assume that every diagram site s
belongs to a class S of diagram sites that a collection ¥ of infons classifies,
and that the pair S = (S, X) forms a domain of diagram sites. We use the
same notations =, Sit, and Soa for a domain of diagram sites. The set
Soa(8) is closed under T, -, D, and A.

If a diagram site s is used to reason about a target t, we write s ~ ¢, and
say that s signals t. Thus, ~» is a binary relation from Sit(S) to Sit(7). If
s~ t, we say that the domain & = (S, %) to which s belongs is the source
domain for the domain 7 = (T, ©) to which ¢ belongs.

An cxample of a diagram site is the particular portion of the paper
on which we drew a Venn diagram in Scenario 1. The portion of the
paper before the first operation is taken to be a different diagram site from
the same portion after the operation. This latter diagram site is in turn
different from the portion of the paper after the second operation, which
in turn is different from the portion of the paper after the third operation.
Thus, if sp, 81, 82, 83 are diagrams sites divided by the three operations in
Scenario 1, sg, 1, S2, 83 arc all different members of Sit(S). An example
of infon in Soa(S) is the state of affairs o; that partially characterizes the
portion of the paper after the third operation. Observe that s;3 = o1 but
neither sy = o1 nor 81 = o1 nor s2 k= 07, because the intersection of the
C-circle and the A-circle gets shaded only after the third operation. Each
of sy, 89, 53 signals ~» the target situation 1, since we use these diagram
sites to reason about ;.

The indication relation How can a recasoner read off a piece of infor-
mation about the target situation from a diagram site? Usually, a reasoner
perceives that a state of affairs ¢ holds in a diagram site s, and with ref-
crence to a semantic convention associated with diagrams drawn on s, the
reasoner reads off a piece of information that a state of affairs § holds in
the target situation ¢. Thus, the semantic convention must relate the states
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of affairs ¢ that classify diagrams sites to the states of affairs 8 that clas-
sify target situations. We thus model a semantic convention by a binary
relation = from the set Soa(S) of infons in the domain of diagram sites to
the set Soa(7) of infons in the domain of target situations. We say that
an infon ¢ indicates an infon 8 if o = 6.1° A reasoner reads off a piece of
information # about the target ¢ from a diagram site s only if s is used as
a signal for ¢ and there is an S-infon ¢ such that s = o and o = 6.

In Scenario 1, for example, we read off the information 85 about the
target situation ¢; from the diagram site s3 because s3 ~» t; while s3
supports the infon o7 and o; indicates = the infon 65.

The domain of operations Consider the three actions that we take
in Scenario 1. We draw three circles, labeled “As,” “Bs,” “Cs,” shade the
complement of the B-circle with respect to the C-circle, and then shade the
intersection of the B-circle and the A-circle. These all involve starting with
an initial diagram site sy, performing some action a (or sequence of actions)
on it, and getting a new diagram site so. It is useful to think of these actions
in realistic terms, as certain kinds of events in the world that start with an
initial situation and result in another situation; we write this as s; —— so,
which is read “action a has s; as input diagram site and so as output
diagram site.” So, ~» is a tertiary relation on Sit(S) x Sit(A) x Sit(S).
We stipulate that each action has unique input site and output site.

Since actions are particular events in the world, they constitute their
own classification domain, just as diagram sites and their target situations
do. Thus, we assume that there is a domain A of actions, consisting of
a class Sit(A) of actions and a class Soa(A) of infons that classify these
actions. We use the notations =, Sit, and Soa for a domain of actions too,
and stipulate that the set Soa{S) is closed under T, -, D, and A.

For example, if a1, as, az are the three actions taken in Scenario 1, then
a1, as,a3 are all members of Sit(A) for some domain A of actions, and
50 —5 51, 81 2 59, and 59 2 s5. Also, the types wi,wa,ws that classify
thesc actions in Scenario 1 are members of Soa(A), and a; = w1, a2 | ws,
and a3 | ws. Other examples of infons for actions are wy,ws in Scenario
2, wg in Scenario 3, and w7 in Scenario 4.

Sequences of operations The actions aj,as,as in Scenario 1 form a
“sequence” of actions in that the output diagram site s; of the action ay
is the input site for the action ap, and the output site sy of the action
as is the input site for the action az. To model this notion of “sequence

0The pair I = {~,=>) of a signaling relation and an indicating rclation provides

what Barwise [1991] has called a “link” between the domain of source situations and the
domain of target situations.
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of actions,” we introduce a partial binary associative operation o, called
composition, on the set Sit(A) of operations, with Sit(A) closed under o.
We stipulate that for all actions a,a’ in Sit(A) and for all diagram sites

’
. . . 2 aoa . . . .
s, in Sit(S), ao ' is defined and s — s’ iff there is a diagram site s*

’
. . @ [43 .
in Sit(S) such that s — s* and s* —— s’. For example, a; o as 0 a3 is
a10as0a;y . ay ag ag
—— = §3, since sg — S1, $1 > $o,-and so —— s3.

defined and s,

We also introduce a total binary associative operation o on the set
Soa(A) of infons that classify actions, and stipulate that Soa(A) is closed
under o. Thus, for any infons w,w’ in Sea(A4), wow' is itself an infon that
classify operations. Naturally, an action a* supports an infon w o w’ if and
only if there are actions a, a’ such that a* =aoca’ and a Fw and @' =o'
For example, the action ay o as o ag supports the infon wy o wsy o ws, since
a; = wy, a3 = wy, and ag = ws.!!

Translation functions in and out Notice that the classification of op-
erations is not completely independent of the classification of the diagram
sites to which they are applied. In many cases, we describe an action by
specifying what it achieves. In Scenario 1, for example, we describe the
action ag with the infon ws, as “shading the intersection of the A-circle
and the B-circle.” In doing so, we are not referring to the type of move-
ment involved in the action, but to the difference that the action makes
to the diagram site to which it is applied. The action ag can be described
as “shading the intersection of the A-circle and the B-circle” because the
intersection of the A-circle and the B-circle is not shaded in the input site
for a3 and the intersection of the A-circle and the B-circle is shaded in the
output site for ag.1?

In our framework, this means two things: (i) some infons w in Soa(A)
work as the “translations” of some infons o in Soa(S) in the sense that an
action a supports w if and only if the input site of a supports o, and (it) some

1 The idea of composing actions by the operation o is borrowed from Barwise, Gab-
bay, and Hartonas [1995]. Our operation o on Sit{A) corresponds to their operation o
on “channcls,” and our operation o on Soa(.A) corresponds to their operation o on “ex-
pressions” of a type language L. They also discuss the binary operations —, |, and « in
expressions of L, which can be used to describe actions (and their effects) in interesting
ways.

12The distinction of these two different ways of classifying actions is originated in Is-
racl, Perry, and Tutiya [1991] and Israel, Perry, and Tutiya [1993], although they char-
acterize the distinction in a different theoretical setting. They see actions as properties
of agents, and divide actions into the two categories: executions and accomplishments.
In their framework, executions are properties of agents that arc identified by the types
of their movements, and accomplishments are properties of agents that are identified by
the cffects of their movements. In contrast, we use the term “actions” to dcnote con-
crete cvents rather than properties of agents, and conceive the two categorics of actions
simply as two different ways of classifying these events.
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infons &' in Soa(A) work as the “translations” of some infons ¢’ in Soa(S)
in the sense that an action a supports w’ if and only if the output site of
a supports ¢’. We model these two different schemes of translation by two
functions in and out from Soa(S) inte Soa{A). Naturally, the translation
functions in and out satisfy the following conditions: for all infons ¢ and
o’ in Soa(S) and for all actions a in Sit(A4), a supports in{c) if and only
if the input site for a supports o, and a supports out{o’} if and only if the
output site for a supports ¢’. We stipulate that both functions preserve
the operations T, —, D, and A, namely, out(T) = T, in(-o) = —in(o),
out(c O o') = out(c) D out(ca'), in(c Ad’) = in(o) Ain(c'), and so on.!?

For example, we can model the A-infon ws, “Shade the intersection of
the A-circle and the B-circle,” as the conjunction of the in-translation of
the S-infon “The intersection of the A-circle and the B-circle is not shaded”
and the out-translation of the S-infon “The intersection of the A-circle and
the B-circle is shaded.” As we expect, an action supports wg if and only if
the input site for the action supports the first S-infon and the output site
for the action supports the second S-infon.

Methods of operations Our notion of “method of operation” is a gen-
eralization of the notion of “rule of inference” in logic. Roughly speaking,
a method of operations is a set of instructions that specify what types of
actions can be taken under what circumstances. For the purpose of this
chapter, we can model such a system of instructions by means of a class
M of pairs {#,w) of infons from Soa(7) and Soa(A). Intuitively, an indi-
vidual instruction (8, w) allows the following action: if the target situation
supports t = 6, carry out any action a such that a = w. If © is a set of
target infons, we say that the method of operations M allows an action
of the type w on the assumptions O if and only if (i) there is an action in
Sit(A) that supports w and (ii) if w is 1ot a composition, then M contains
a member (f,w) such that § € © or § = T, and (ili) if w is a composition
w’ ow”, then M allows an action of the type w’ and an action of the type
w' on the assumptions ©. Due to condition (i), an operation method M
can allow an operation of the type w’ o w’ on the assumptions © without
allowing an operation of the type «w” o w’ on the same assumptions.

The operation method Venn, for example, can be considered to contain
members (T,wy), (81,ws), and (B2, ws). Thus, in Scenario 1, Venn allows
the first action a; of the type wy on the empty assumption @, allows the
sccond action ag of the type wy on the assumption {6}, and allows the
third action ag of the type ws on the assumption {6,}. It also follows that
Venn allows all these actions on the assumptions {61,62}. Since there is

13The idea of using the functions in and out in modeling certain propertics of actions
is alrcady suggested in Example 9 in Barwise, Gabbay, and Hartonas [1995]. The paper
uscs the notations { and r, instead of in and out.
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an action a; oag oag that supports w; ows ocwsg, we can say that the method
Venn allows an operation of the type w; o wy o w3 on the assumptions

{61,062}

Constraints on target situations The reader may have wondered why
we need the notions of domain of target situations, of diagram sites, and of
operations, in addition to the notions of target situation, diagram site, and
operations. The main reason is that the notion of classification domain lets
us model the notion of constraint naturally.

Let us look at the case of target situations first. Given a domain 7 of
target situations, we assume the set Sit(7) of situations exhausts all the
situations that are logically possible. Thus, we can use Sit(7) to define the
logical consequence relation = in the following way: for all subsets ©,0’
of Soa(7), © | © iff for every situation ¢ in Sit(7), if ¢ supports every
infon in O, then ¢ supports at least one infon in ©’. We can conceive |= as
the model of the weakest system of constraints governing target situations.

Now, take a subset T, of Sit(7), and define a consequence relation
=1, in the following analogous manner: for all subsets ©,©’ of Soa(T),
© Ep, © iff for every situation ¢ in T}, if ¢ supports every infon in O,
then ¢ supports at least one infon in ©’. This relation =7, which we call
a “local” consequence, is stronger than the logical consequence relation |=
in the sense that © =5, © implies © = © for all ©,0’. Thus, we can
conceive =7, as the model of a stronger, extra-logical system of constraints
that govern certain target situations.

What is the point of defining a local consequence relation =7, along
with the logical consequence relation? Let M and => be an operation
method and a semantic convention adopted in a diagrammatic reasoning.
Then, there is a range of “normal” target situations that M and = are de-
signed to cover, and there is a system of “target” constraints that reasoning
with M and = is supposed to capturc. This system of target constraints
often consists of special, extra-logical constraints, such as geometrical laws,
physical laws, and social conventions, depending upon the application M
and = are designed for. We model the range of normal target situations
by a subset Ty of Sit(7), and model the system of target constraints by
the local consequence relation =, defined by 7;. We assume that for any
pair of an operation method M and a semantic convention =, there is a
local consequence relation =7, associated with it. Thus, target situations
outside T} are logically possible, but “abnormal” situations fall outside of
the coverage of M and =. The local consequence =7, is usually stronger
than the logical consequence =, but when M and = are designed to cap-
ture only the logical consequence governing target situations, f=7, and =
coincide. The operation methods Venn and Fuler adopted in our scenarios
are both such methods.
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Constraints on diagrams sites and operations We apply the same
technique to the domain S of diagram sites and the domain A of operations
and define two consequence relations, logical and local, for each domain.
Thus, if Sy is a subset of Sit(S), s, denotes the local consequence relation
over § defined in terms of Sy. Similarly, if A, is a subset of Sit(A), =4,
denotes the local consequence relation over A defined in terms of A,. We
use the same notation = to denote the logical consequence relations over
both domains.

Given an operation method M and a semantic convention =, there
is a range of “normal” operations for which M and = are designed, and
a system of operational constraints under which M and = are designed
to work. In our framework, a subset Ay of Sit(A) models the range of
such “normal” operations, and the local consequence relation f=,4, models
the system of constraints on which M and = rely. Operations outside A,
are logically possible, but “abnormal” operations constitute exceptions to
the given operation method M. Furthermore, there is a range of normal
diagram sites for which M and = are designed, and a system of constraints
on diagram sites under which M and = are designed to work. As you may
expect, we model this range of normal diagram sites by a subset Sy of
Sit(S), and use the local consequence relation =g, to model the system of
constraints on diagram sites upon which M and = rely.

We stipulate that every normal operation starts at and results in normal
diagram sites—namely, for all members a in Si¢(A) and all members s, s’ in
Sit(S), if a € Ay and s+ &', then s, s’ € Sy. Given this assumption, the
following proposition is easy to prove: for all o,¢’ in Soa(S), if ¢ =g, o/,
then both in(o) =4, in(c’) and out(c) =4, out(c’).!* This means that
every local constraint on diagram sites is reflected in a local constraint on
actions taken on them and influences the effects of those operations.

Let us look at an example. In Scenario 1, we assumed that when-
ever we draw three (partially overlapping) circles, labeled “As,” “Bs,” and
“C's” respectively, shade the complement of the B-circle with respect to the
C-circle, and shade the intersection of the B-circle and the A-circle, the
intersection of a circle labeled “Cs” and a circle labeled “As” is shaded.
In our framework, this means that there holds a local operational con-
straint: w; owy ows =4, out(or). However, this is not a logical constraint:
w1 ows owg = out(oy). There are some exceptional circumstances in which
it does not hold. Think of drawing the diagram with the toy pen whose
“magic” ink fades away a few seconds after it is put on paper, or imagine
drawing the diagram into a computer which automatically distorts, moves,
and sometimes erase what you draw. In these circumstances, even if you

MFor readability, we omit the curly braces surrounding a singleton when it is the
antecedent or the consequent of a constraint. Thus, “o |=s, ¢'” is an abbreviation of
“{o} s, {¢’'}.” Similarly for “in(c) k=4, in(c’)” and “out(c) =4, out(o’).”
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exccute all the operations described above, there is no guarantee that the
intersection of a circle labeled “As” and a circle labeled “Cs” gets shaded.
Nevertheless, the operational constraint from wy ows ows to out{o) is fairly
reliable-—reliable enough for the operation method Venn to depend on it
in Scenario 1.

Even if we bar the above tricky circumstances, and assume that ev-
erything that we draw is preserved until the end of the derivation, the
constraint from wy o wy 0wy to out{oy) is still not a logical necessity. The
constraint holds because the following geometrical (or topological} con-
straint holds on the diagram site: if both the complement of the B-circle
with respect to the C-circle and the intersection of the B-circle and the
A-circle are shaded in a normal diagram site, the intersection of the C-
circle and the A-circle is also shaded in the diagram site. This is a case in
which a local constraint on diagram sites is reflected in a local constraint
on operations and supports the working of an operation method.!®

In clause 2 of our tentative definition of free ride, we used the sentence
“None of the instructions w, . . . ,w’ entails the realization of the fact 7.” We
can now explicate this clause by means of the notion of logical consequence
E= upon operations. Intuitively, it means that none of the instructions
w,...,w logically implies the realization of the fact o. Formally put, it
means that for every infon w* in {w,...,w'}, w* £ out(o) for the logical
consequence |=. For example, when we say that none of the instructions
w1,ws,ws in Scenario 1 entails the realization of the fact o7, it means that
for every infon w* in {wy,ws,ws}, w* B~ out(oy). For one thing, it is not the
case that w; = out(oq). It is far from a logical necessity that an action of
the type wy be an action that realizes the fact o1~ -in most cases, drawing
three (partially overlapping) circles labeled “As,” “Bs.” and “Cs” does not
result in a diagram site in which the intersection of the C-circle and the
A-circle is shaded. Likewise, neither wy = out(o1) nor wy = out{oy).

To sum up, given a particular process of diagrammatic reasoning, there
are several elements associated with it:

e a domain of target situations 7 = (Sit(7), Soa(7T)), coupled with a
subset Ty of Sit(7T) that characterizes the local consequence relation

T

e a domain of diagram sites S = (Sit(S), Soa(S)), coupled with a sub-
set Sp of Sit(S) that characterizes the local consequence relation |=g,,

151n Shimojima [1995], we heavily used the notion “gecometrical constraints on dia-
grams” in the sense of the local consequence |=5, on diagram sites, and tried to model
free rides (and what I called “half rides”) in its terms. The current chapter takes a
different path, and uses the local consequence on operations to model free rides and
overdetermined alternatives.
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a domain of actions A = (Sit(.A), Soa(A)), coupled with a subset A,
of Sit(A) that characterizes the local consequence relation k= 4,,

e a binary indication relation = holding between Soa(S) and Soa(7T),

e a binary signaling relation ~ holding between Sit(S) and Sit(7),

a tertiary input/output relation + on Sit(S) x Sit{A) x Sit(S),

e two translation functions out and in from Soa(S) into Soa(.4), and

a method M of operations: a binary relation on Soa(7) x Soa(A).

We call a combination ® = (7,8, .A,Ty, Se, A, =,~, 1, out, in, M) of
these clements a diagrammatic representation system.

Redefining Free Rides and Overdetermined
Alternatives

This framework lets us make our tentative definitions of free ride and
overdetermined alternatives more rigorous. We will first present the re-
fined definitions, and use examples in the previous scenarios to illustrate the
definitions. All the definitions assume that a particular diagrammatic rep-
resentation system R = (7, S, A, T, Se, Ap, =, ~, >, oul,in, M) is given.

Definition 4.1 (Free Ride—Refined). Let 8,...,6" and 6* be T-infons.
The representation system R provides a free ride from the information
9,...,0" to the information 8* iff there are A-infons w,...,w’ and an S-
infon ¢ such that:

1. On the assumptions {6,...,8’}, the method M allows an action of
the type wo...ow'.

2. The following operational constraint holds: wo...ow' |=4, out(o).
3. For every A-infon w* in {w,...,w'}, w* ¥ out(o).

4. The S-infon ¢ indicates the 7 -infon 6* on the semantic convention
=

Definition 4.2 (Correctness of Free Ride—Refined). A free ride from
the information #,...,6 to the information #* will be called correct if
0,....,¢0" =1, 0*. 1t is incorrect otherwise.

Definition 4.3 (Overdetermined Alternatives—Refined). Let
8,...,0" be T-infons. The representation system ¥ imposes overdetermined

alternatives on the assumptions 6, ..., 6 iff there are A-infons w, ..., o’ and
S-infons o, ..., 0’ such that:
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1. On the basis of assumptions {f,...,8}, the method M allows an
action of the type wo...ow'.

2. The following operational constraint holds:
wo...ow =4, {out(o),...,out(c’)}.

3. On the semantic convention =, each of the S-infons o,...,¢’ indi-

cates at least one 7-infon 6* such that {6,...,6"} &, 6.

)

Let us see how these definitions capture free rides and overdetermined
alternatives occurring in our previous scenarios.

Scenario 1 is a case in which a representation system associated with
Venn diagrams provides a correct free ride from the information 64, 5 to the
information #3. To wit, the method of operations Venn allows a sequence
of actions of the type w; o wg o w3 on the assumptions {#,6,}. While
none of the instructions wi, wo,ws entails the realization of the fact o, this
sequence of actions is constrained to realize oy on the diagram site in which
it results. That is, while w* P~ out(oy) for every member w* in {wy,ws, w3},
the operational constraint, wy owg ows =4, out(oy) holds. Now the fact oy
indicates an infon 83 on the semantic convention = in effect. Fortunately,
{61,602} =1, 63. We thus obtain a correct free ride from the information
#1, 65 to the information 83.

Scenario 2 can be modeled in a similar way, where the relevant oper-
ational constraint is: wy o ws k=4, out(os). The operation method Euler
allows a sequence of actions of the type wy ows on the assumptions {601,065},
and in virtue of the above constraint, this sequence of actions realizes a fact
o2 on its output site. Although neither wy = out(oz) nor ws = out(os),
the fact o9 indicates a piece of information 63 via the semantic convention
= in effect. Thus, we get a correct free ride from 81,65 to 3 just as in
Scenario 1, but in virtue of a different operational constraint.

Scenario 3 involves a case of overdetermined alternatives. The operation
method Fuler allows a sequence of actions of the type wjowsowg on the as-
sumptions {61, f2,04}. However, the operational constraint, wsowsows =4,
{out(cs), out(c,)} holds. Thus, this sequence of operations realizes either
o3 or o4 on the diagram site in which it results. On the semantic conven-
tion = in effect, however, o3, 04 indicate 8¢, 87 respectively. Unfortunately,
neither 8¢ nor 07 follows from the initial assumptions 6y, 65, 84—that is, nei-
ther {61,02,604} =4, 0 nor {6y,0,04} =4, 67. Thus, Scenario 3 is a case
in which the representation system associated with Euler circles imposes
the overdetermined alternatives o3, o4 on the assumptions 61,602, 604.

The same represcntation system imposes overdetermined alternatives
also on the assumptions 1,805,805, due to the following operational con-
straint: wyg o ws o wy =4, {out(os), out(os),out(o7)}. In Scenario 4, the
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and explain the suitedness and ill-suitedness of the diagrams used in them.
The study of wider varieties of diagrammatic reasoning may also yield
explicit answers to the following questions: (ii) why a representation system
that provides more free rides tends to impose more cases of overdetermined
alternatives, and (iii} how different representation systems can be combined
to provide a maximal number of correct free rides about a target domain
while preventing incorrect free rides and overdetermined alternatives!?.
Second, the focus of this chapter has been entirely upon the processes
in which a diagram site comes to encode new information through the op-
crations applied to it. To keep this focus clear, we have made the method-
ological assumptions that every individual operation is comprehensible and
executable with the same case, no matter what type of operation it is, and
that once information is encoded in a diagram, it is retrievable from the
diagram with the same ease, no matter how it is encoded in it. However,
in order for our model to fully capture the suitedness and ill-suitedness
of different types of diagrams to different tasks of reasoning, we should
abandon these methodological assumptions, and address the issues of the
ease of comprehending and executing individual operations and the ease of
retrieving information from diagram sites. Although we do believe that op-
erational constraints over diagrams play a role in these aspects of diagram-
matic reasoning, the notions of free ride and overdetermined alternatives,
as defined in this particular chapter, have nothing to say about them!®.

17Furthermore, Barwise and Seligman [1995] are developing a rich mathematical the-
ory around the notions “classification domain,” “indication” and “signaling” between
classification domains, and “translations” from a classification domain to another. If
embedded in such a mathematical framework, our notions of free ride and overdeter-
mined alternatives will obtain more rigor, with their information-theoretic implications
fully explicated.

181n Shimojima [1995], we tried to analyze the case of comprehending and exccuting a
certain diagrammatic action, and pointed to another pattern of constraint-intervention
under the name of “half ride.” Although we still believe that there arc such phenomena,
we no longer subscribe to that particular definition of half ride.
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Beyond such familiar targets of logical analysis, i.e., those concepts tra-
ditionally thought of as “logical constants”, logical systems can account
for the validity of inferences involving any well-defined concept. For ex-
ample, from the premiscs “There are infinitely many primes” and “Only
one prime is even” it follows that “There are infinitely many primes that
are not even” in virtue of the meanings of “infinitcly many,” “only one,”
and “there are.” Just as with inferences depending on the meanings of
“and,” “or,” and “not,” there are logical systems which model inferences
depending on the meaning of “infinitely many.” Similarly, therc are log-
ics for dealing with inductive definitions, transitive closures of relations,
cardinalities like “uncountably many,” and so on.

When we look beyond mathematics we find logical systems which at-
tempt to model inferences involving concepts expressed by words like “nec-
essarily,” “possibly,” “always,” “knows,” and the like. There are also logical
systems which break away from strictly logical inference, trying to model
notions of plausible inference and default inference.

Further, logical systems have attempted to model “natural reasoning’”.
Relevance logics, for example, were originally motivated by the desire to
model the difference between using relevant and irrelevant information in
the course of carrying out some argument. In another direction, distinc-
tions between natural deduction systems and Hilbert-style deduction sys-
tems rest on how they model the process of reasoning. New developments,
like linear logic, attempt to model reasoning where resource considerations
are vital. For example, if we are attempting to develop automatic proof
systems, we may want to restrict the ability to use a given premise more
than once.

Logical systems always have either a mathematical semantics or a proof
theory; sometimes they have both. A model-theoretic semantics for a log-
ical system, when one is given, is a mathematical model explicating what
it is that makes one sentence a logical consequence of another sentence. A
proof theory, by contrast, gives a precise answer to the question of how we
can go about showing in the system that one sentence is a consequence of
others. Based on the observations above, we propose the following informal
characterization of logical system:

Thesis A logical systern is a mathematical model of some pretheoretic
notion of consequence and an existing (or possible) inferential practice that
honors it.

This thesis is intended to be relatively neutral between logical systems
based primarily on semantic considerations and those based primarily on
proof-theoretic considerations. The difference is seen as a matter of what
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aspect of inference one is modeling. Some logical systems model both
aspects explicitly while others leave one or the other aspect implicit, as not
being something the model is trying to capture.

It is not to be thought that everything that has been called a logical
system fits perfectly with this thesis, any more than that everything that
has been called gold is gold. But we do claim that most of the systems
people have called logical systems do fit the thesis, and that it provides a
useful way to understand work on logical systems. It allows us to judge
them on their own ground; to relate existing systems, and to develop,
investigate, and use new logical systems.

Mathematical models of inference

The thesis can be refined in several ways. For one thing, in this chapter
we intend that “inference” be taken to concern relationships among struc-
tured representations in some sort of conventional representation system. A
broader notion of inference would include non-conventional inference. For
example, it could be said that one infers the sentence “There is someone
at the door” from certain knocking sounds heard at certain places. While
it is of interest to develop mathematical models of inference thus broadly
construed, we are not inclined to think of them as logical systems, so we
restrict attention to the narrower class.

An understanding of the thesis obviously presupposes an understanding
of the nature of mathematical modeling more generally. We take mathe-
matical modeling to be the process whereby some natural phenomenon
is idealized and represented within the universe of mathematical objects.
Consider mathematical models of the weather. Such a model may be a
good one or a poor one, depending on how close a fit there is between the
model and the actual weather. One of the ways we judge a mathematical
model is to see how well its predictions conform to our experience with the
phenomenon modeled. A good model has a good fit and can then be used
in interesting ways. For example, it might be simulated on a computer to
make long-range predictions.

There is much to be said about mathematical modeling, but space re-
stricts us to three points that are most important for our project. The first
is that there is a difference between a model and the thing modeled. No
one would confuse a mathematical model of the weather with the weather
itself. The weather can flood the basement; the model cannot.

The second point is that the same phenomenon (in our case the same
inference practice) can be modeled in many different ways. Consider for
an example the different sorts of systems of first order logic: Hilbert-style
systems, natural deduction systems, resolution systems, analytic tableaux
systems, Gentzen systems and so on. In a sense these are all mathematical
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models of the very same inference practice since they are extensionally
equivalent. They all agree with one another on what follows from what, on
what is inconsistent, and on what is logically true, etc.

While these systems are all models of the same inference practice, say
first-order inference in mathematics, they nonetheless each provide a differ-
ent perspective on it. Hilbert-style systemns, for example, provide a partic-
ularly simple and elegant model of what can be shown to follow from what,
but they fail to reflect accurately the actual rules of proof employed. Nat-
ural deduction systems are much less elegant, yet fairly nicely reflect the
structure of the proofs people actually give. Resolution systems again are
a perfectly good model of derivability, but similarly fail to reflect the proof
structure of actual practice. But resolution systems remain of interest since
they are much easicr to implement on a computer than natural deduction
and Hilbert-style systems. Finally, Gentzen systems are of interest because
they are particularly well-suited to metamathematical study of the model
itself.

A model of first-order inference must at least capture its most coarse-
grained features: it must provide a characterization of logical consequence
which is faithful to the informal practice being modeled. For just this
purpose a mere non-effective listing would suffice. But one is generally
interested in more than just pure extensional adequacy, hence the diversity
of systems of first-order logic. Different systems capture some of the more
fine-grained features of the inference practice. One may provide an effective
procedure for listing all logical truths, another may reflect the structure of
the informal proofs given, and so on.

This same point holds for any other phenomenon to be mathematically
modeled. Any model of the weather, for example, must satisfy certain
minimal conditions, such as providing an accurate description of weather
conditions. But just as with modeling inference, there are also more fine-
grained features one may also be interested in, such as how current condi-
tions depend on larger weather patterns. For any given phenomenon to be
modeled, there simply is no single one mathematical model of interest.

The third point about models has to do with the idealizations necessary
for mathematically modeling natural -phenomena. The world is typically
too complex to model everything that is relevant to some phenomenon.
Idealizations must be made even to get the project off the ground; this is
just one of the rules of the game.

Part of the evidence for our thesis is that it is fairly easy to see the
idealizations being made in typical logical systems. They include such
things as the following, though some may be irrelevent in case of logical
systems that ignore either the consequence (semantics) or the inference
(proof theory):
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Idealization 1.1 Each representational object of the system has an un-
ambiguous syntactic structure.

In other words, for cach such representational object it is determinate
what its parts are and how they are arranged.

Idealization 1.2 The well-formed representations are finite and linear in
form and so can be modeled by finite sequences of symbols.

This is to say that it is assumed that the well-formed representations re-
semble the sentences of a written human language, in contrast to something
like a picture or a diagram.

Idealization 1.3 The content of a given well-formed object is unambigu-
ous.

While in actual practice context may be needed to disambiguate a given
syntactic object, this assumption presupposes that this context has been
adequately captured by the system.

Idealization 1.4 The consequence relation between meaningful objects
of the system is a function of this syntax alone, whether or not there are
effective rules for determining this relation.

This idealization arises from the assumptions that the content of repre-
sentation is completely determined by its syntactic structure, and that the
consequence relation is a function of the contents of the representations.

Idealization 1.5 The grammar and the semantics of the system are fin-
itely specifiable.

Idealization 1.6 Limitations on the complexity and size of the well-
formed objects and of proofs are ignored.

There are certainly examples of logical systems that do not make all of
these idealizations. This only points out that they are idealizations, ones
that may turn out to be a problem. If a model is based on the assumption
that some particular aspect of a phenemona is peripheral, and that aspect
is in fact a major aspect, then the model will be flawed. For example,
one may be interested in developing a formal system with the property of
having a fixed polynomial P(n) such that for every sentence of length n
provable in the system, there is a proof of it in the system of length less
than P(n), all of the sentences of which are also bounded in length by P(n).
For this sort of system, one cannot make Idealization 1.6, since it abstracts
away from the very features one is interested in.

Given that these are idealizations, ones which may have to be aban-
doned, the question arises as to which, if any, should be built into an
analysis of the notion of a logical system. We intend our thesis to be silent
on this matter. We think that it should be possible to develop interesting
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Figure 1: A Venn diagram.

Figure 1 displays a well-formed diagram. The shading or hatching as-
serts that the set represented by that region is empty, that nothing is A
and not B. The single X asserts non-emptiness of the set represented, that
something is B and not A; the chain of two Xs connected by a line asserts
that something is either both A and B or else neither.

The semantics for the system is simply a mathematical representation of
the intuitive meaning just sketched. Models' consist of a set along with an
interpretation function mapping the rectangle to the whole set and closed
curves to subsets of it, and curves sharing the same label to the same
subset. Whether a diagram is true in a model depends on which of its
areas are shaded and which of them have a chain of Xs connected by lines.
A diagram D is a “logical consequence” of a set A of diagrams if and only
if every model of each diagram in A is a model of D.

Formal proofs can also be carried out by means of rules of inference
including the following:

Extending Sequences Any chain of Xs can be extended by additional
Xs separated by lines. This rule corresponds to the addition of new
disjuncts to a sentence.

Erasure The shading occurring in any region can be erased. Any entire
X-sequence can be erased. A closed curve can be erased provided
that each minimal region having shading that would be unbounded
upon erasure of the curve is first erased. This rule is the counterpart
of conjunction-elimination.

Shortening Sequences A link of an X-sequence can be removed and the
two halves reconnected provided that the link falls within shading.

1Here “model” is being used in its standard model-theoretic sensc as opposed to its
use above in “mathematical model.” It should always be clear from context in what way
we arc using the term.
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Unification
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X Shortening sequences

A

C

A Erasure of a closed curve

Figure 2: A proof using Venn diagrams.
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Unification Dj follows from D; and Dy by unification if the set of labels
of D3 is the same as the set of labels occurring in either Dy or Ds,
and for each shading (X-sequence) occurring in a region of either Dy
or Dy there is a corresponding region of D3 also having a shading
(X-sequence), and vice versa. This rule is similar to conjunction-
introduction, allowing one to combine the information of two dia-
grams.

An example of a proof is given in Figure 2. Shin [1991a] proved that for
finite sets A, a diagram is provable from A if and only if it is a logical
consequence of A; the result is extended to arbitrary sets A in Hammer
and Danner [1995].

A variation of the system above utilizes an alternative to shading for
asserting the emptiness of a set, namely containment or disjointness of
curves. The syntax of this system allows curves to be drawn within a
rectangle in any arrangement whatsoever. Shading and X-sequences are
allowed to appear in diagrams as before. A well-formed Euler diagram is
shown in Figure 3.

A
C

f

Figure 3: An Euler diagram.

Models are exactly as in the Venn system. Truth of a diagram D in a
model is slightly different, though X-sequences and shading are handled as
before. An additional clause states that if A and B are sets that partition
the set of curves of a diagram D (one of them possibly empty) and if no
area of D falls within each curve in A and outside each curve in B, then
the intersection of the interpretations of all the curves in A is such that
subtracting from it each of the interpretations of the curves in I results in
the empty set. So the diagram in Figure 3 asserts that no B is C, all B
arc A, and, subsequently, that nothing is simultaneously A, B, and C.

Directed edges can also be added to the syntax as a mechanism for repre-
senting binary relations diagrammatically as in Harel [1987a] and Hammer
[1995a]. An example is shown in Figure 4. Intuitively the diagram asserts
that some I” bears the relation R to every @), and, by the arrangement of
the closed figures, that no P is ). Additional rules of inference for such a
system allow one to manipulate edges appropriately; for example, if an end
of an edge contacts a closed curve within which occurs an X-sequence, then
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Figure 4: An example of a higraph.

the end can be moved inwards to that X-sequence. This would be similar
to a form of universal instantiation.

Peirce’s Existential Graphs

The Alpha part of Peirce’s existential graphsis a diagrammatic system
equivalent in expressive and deductive power to propositional logic. It was
proposed in Peirce [1933] and later studied and modified in Zeman [1964]
and Roberts [1933]. The Beta part, discussed in the following section, is
equivalent to first-order logic. Further extensions of the system studied by
Peirce incorporate higher-order and modal quantification.

(G

Figure 5: An existential graph.

The grammatical resources of the system are minimal. Graphs are
constructed from propositional letters P, Q, ... and “cuts” or drawn closed
figures. The syntax is simple: any two cuts of a graph must be such that
one is contained within the other or else is entirely separated from the
other, and any letter must fall either entirely within or entirely outside of
each cut.

Juxtaposition of elements of a graph has the same effect as conjunction.
A cut acts as the negation of the “conjunctive” claim within. Figure 5
displays an Alpha graph. This graph can be read in at least two different
but logically equivalent ways: it can be read as asserting ~(PP A =(Q A P));
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alternatively, it can be read as a conditional, with what is nested within one
cut being the antecedent and what is nested within two cuts the consequent,
as P — (Q A P).

It is fairly obvious what the semantics of the graphs will be. An “assign-
ment function” assigns truth values to letters. Such an assignment function
is then uniquely extendable to an evaluation v assigning truth values to en-
tire graphs according to the following restrictions. A subgraph consisting
of the juxtaposition of sentence letters is assigned truth if and only if each
sentence letter is. A subgraph consisting of a cut drawn around another
subgraph is assigned falsehood if and only if at least one of the enclosed
immediate subgraphs is assigned falsehood. Finally, the juxtaposition of
several subgraphs is assigned truth if and only if each of the juxtaposed sub-
graphs is assigned truth. This is explained more explicitly in the references
cited.

The rules of inference are very simple. Call a subgraph “evenly en-
closed” if it falls within an even number of cuts or else does not fall within
a cut. Otherwise it is “oddly enclosed.” The following rules are sound and
complete with respect to the semantics:

Double Cut Two cuts may be drawn around or removed from any sub-
graph of a graph. This corresponds to double negation.

Erasure Any evenly enclosed subgraph may be erased. This corresponds
to strengthening an antecedent.

Insertion Any graph may be drawn on an existing graph provided it is
thereby oddly enclosed. This corresponds to weakening a consequent.

Tteration Any subgraph occurring in a graph may be recopied on the
graph provided it is enclosed by every cut enclosing the subgraph
copied. This is similar to the rule: from A — B, infer A — (A A B).

Deiteration Any subgraph which could have been drawn by an applica-
tion of the Iteration rule can be erased. This is analogous to: from

A — (AN B), infer A — B.

The Beta part of Peirce’s Existential Graphs is a diagrammatic logical
system equivalent to first-order logic. The propositional letters of the Alpha
part are replaced by predicates of each arity. Each n-ary predicate symbol
has n “hooks” or argument places that can be quantified over. The Beta
equivalent of a quantifier is a drawn, heavy “line of identity.” A single
line of identity can have any number of branches and still be a single line,
provided all these branches arc connected. FEach line corresponds to a
distinct quantifier.
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)

e

Figure 6: A Beta graph.

The syntax is the same as for the Alpha part, except for the follow-
ing two conditions. Lines of identity can cross cuts, and each hook of a
predicate must be contacted by exactly one line of identity.

Cuts behave just as in the Alpha part. The precedence of one quantifier
(line of identity) over another is determined by whether the one has some
portion less deeply nested within cuts than the other. First, therefore,
those lines having parts enclosed by no cuts are read, then those having
parts enclosed by one cut are read, then those whose least enclosed parts
are enclosed by two cuts, and so on.

Consider the Beta graph in Figure 6. It has two lines of identity, a
one-place predicate I? and a two-place predicate R. The right-hand line of
identity is the one with a least deeply embedded part, so it takes precedence
over the other. Unclegantly, translating cuts as negations and lines of
identity as existential quantifiers, it would be read as Jz—(dy—R(y,z)).
A more sympathetic reading would translate the oddly embedded line of
identity universally: JaxVyR(y, z).

Rules for the Beta part extend those of the Alpha part. A full descrip-
tion is rather involved, as can be seen from Zeman [1964], so some examples
will have to suffice: the rule of Double Cut is as before, except that lines of
identity are allowed to cross both cuts; the rule of Breaking a Line of Iden-
tity allows one to erase part of an cvenly enclosed line of identity. A proof
of the Beta analog of Jdz(P(z) A Q(z)) — JxP(x) is shown in Figure 7.
In actual practice, one would not recopy the original with each step, but
rather erase and add to a single graph. To capture the dynamic process
on the printed page, however, it is necessary to recopy a graph each time
a rule is applied.

A Logic of Geometry Diagrams

The most notorious fallacies involving the use of diagrams have been in
geometry. Nevertheless, by making the syntax and semantic content of
the sort of diagrams typically used clear, one can use them in perfectly
rigorous proofs. This topic of the formal logic of geometry diagrams in
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Double Cut

Insertion in odd
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Iteration

Breaking in even
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Figure 7: A proof in Beta of 3z(P(z) A Q(z)) — JzP(x).

heterogeneous and diagrammatic proofs is currently being studied by Lu-
engo [1995].

Diagrams are taken to be configurations of various syntactic primitives
like drawn lines, points, labels, congruence indicators for angles and line
segments, and parallel line indicators, all drawn within a rectangle. For
example, Figure 8 displays a diagram of such a formal system. Intuitively
it asserts that the two lines labeled by “[” refer to parallel lines, and that
line AB interseccts these lines at point A and point B.

There are some particularly interesting issues concerning such geometry
diagrams. One involves the construction rules typically employed in their
informal use. Geometry diagrams assert something about a structured
domain satisfying various constraints, perhaps Hilbert’s axioms. These
constraints ensure the existence of various objects, such as a point between
any two points on a given line or a point not on a given line, a line through
any two points, and so on. To be faithful to actual practice, the semantics
of a diagrammatic system must legitimate such construction rules.
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Figure 8: A geometry diagram.

The following is a sketch of such a semantics. A model M for a di-
agram D consists of disjoint sets of “points” and “lines” and of a “lying
on” relation between points and lines, a “between” relation between triples
of points, a “parallel” relation between pairs of lines, and a “congruence”
relation between pairs of pairs of points (congruence of segments) and be-
tween pairs of pairs of lines (congruence of angles). These must satisfy, say,
Hilbert’s axioms. M also assigns a line to each drawn line in D and a point
to each drawn point in D. D is true in M provided these interpretations
are such that the congruence and parallel assertions made in the diagram
by use of the drawn indicators are preserved by the interpretation in the
obvious way, and likewise for the diagrammatic assertions of a point being
on a particular line.

The notion of logical consequence is then defined in such a way as to
allow the application of construction rules to D as well as other rules (such
as erasure of a point, a line or an indicator). For example, the fact that it
is valid to draw a new point between two points of D falling on some single
drawn line follows from the fact that one can extend the interpretation
function of M so as to assign a point in the model bearing the appropriate
relations to the referents of the two original, drawn points. Logical con-
sequence, then, is defined in terms of being able to extend interpretation
functions in appropriate ways.

Such a definition fairly accurately reflects actual usage of diagrams in
plane geometry proofs. One typically constructs a diagram step-by-step,
perhaps starting with given assumptions, then adding new lines and points
to it in accordance with the nature of the space in question. Finally, having
manipulated the diagram in useful ways, one is able to read conclusions
off the diagram, thereby showing them to be consequences of the original
premises. The sort of semantics sketched here validates such inferential
practices.
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one would likely want a formal system having entirely different well-formed
charts.

The sort of problem dealt with here involves a finite domain of say n
clements, cach of which can be named in m different ways. The problem
is to figure out which names denote the same object. We think of this in
terms of the matching names of m different types, where each type has
n names of that type, each of which refers to a different object. Since
there are n objects, every name of some type refers to the same object as
some name from each of the other types. The task, then, is to match each
name of each type with those names of each other type that co-refer. For
example, one may be given four sorts of names (first names, last names,
horse names, and jockey names) and, for each of the four sorts, five names
of that sort. The problem may be to determine of five people their first
names, their last names, the name of the horse they own, and the name of
the jockey of the horse they own.

A chart logic of this sort, then, is relative to a particular selection of
sorts and names of that sort:

: ames o) 1
Sort a; having names ay,...a,
Sort ap having names a?,...a2

Sort a,, having names a*,...a

Given such a choice, a well-formed chart is of the following form (letting
m be four and n three):

o [ o [ o [ on ]

For convenience, if sort “a;” labels a colummn, it will be referred to as
“column «;.” For such a chart, any name of sort «; can be written in a box
of column «; provided that it does not already occur in the chart. These
are the only conditions on well-formed charts.

Each sort is treated as a unary predicate symbol, though not every
predicate symbol need be a sort. A problem will also involve linguistically-
presented assumptions. To model these, we use a standard first-order pred-
icate language with identity. Some of the premises of a problem will typi-
cally be non-identities or identities among the names in question, such as
a3 # a%. Other premises may involve other predicates, like R(a, b)A—R(a, ¢)
for names a, b, and ¢ and relation R.

A model for such a system consists of an n-membered structure A
for the language in question satisfying the condition that for each sort «,
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the domain of M is the set {a™ | a is a name of sort a}, where o™ is the

element of M assigned to the name a. Due to this assumption, we will
take as linguistic axioms sentences asserting that every object is named by
exactly one of the names of each sort.

We need to say what it means for a chart to be true in a model, but this
should be obvious. Whether a chart is true in a model is a function solely
of whether pairs of names occurring in the chart occur in the same row or
not. If they do, they must be assigned the same object. If the two names
occur in different rows, they must be assigned different objects. If these
conditions hold for all pairs of names occurring in the chart, the chart is
true in the model.

To model the inferential practice of reasoning with charts, we need some
rules of inference. In addition to the usual first-order axioms and rules (in
any form), we need rules for charts. Here are some cxamples of how we can
use charts in reasoning.

=-Extract: If both e and b occur in the same row of the chart, then it is
legitimate to infer the sentence a = b. This principle is justified by
the truth conditions given above.

—-Apply: 1. Let a be of sort @ and b be of sort S. From a = b and
a chart with a in row n, one can write b in column 3 of row n.
This is again justified by the semantic principles noted in the
paragraph above.

2. Suppose one has established the sentence a = b where a is of
sort « and b is of sort 3. Suppose neither a nor b occur in the
chart, and that only empty rows of the chart are such that both
columns a and 3 of a row are empty. Then one can write a in
column « and b in column g of any such row.

3. Suppose neither a nor b appears in a chart and that there is only
one row having both columns o and 3 empty. Then from the
sentence a = b, one can write a in column « of that row and b
in column g of that row.

#-Extract: If @ and b occur in different rows of the chart, then one can
infer a £ b.

#-Apply: 1. Let a be of sort & and b be of sort 3. Suppose a occurs in
row n of a chart but b does not occur, and suppose there is only
onc row of column 3 other than n having no name. Then from
a # b, one is entitled to write b in that row.

2. Let a be of sort @ and b be of of sort 8. Suppose « occurs in
row n of a chart, and suppose every other row having nothing
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in column S has no name in any column. Then from a # b, one
is entitled to write b in any such row of column .

3. Let a be of sort a and b be of of sort 8. Suppose neither a nor
b occurs in a chart, and suppose that every two distinct rows
m and n having no names in column « or 3, respectively, are
empty rows. Then one can choose any such m and n and put a
in row m and b in row n.

4. Let a be of sort « and b be of of sort 8. Suppose neither a nor
b occur in a chart, and suppose that m and n are the only two
distinct rows having no names in column « or 3, respectively.
Then one can put a in row m and b in row n.

Column completion: If exactly n — 1 of the names of sort « occur in
column « of the chart, then one can write the remaining name of
that sort in the blank row of the column.

Name insertion: If a is of sort o and each of the rows in which there is
no name in column « is completely empty, then one can put a in any
such row of column «.

Empty chart: An empty chart can be asserted without justification.
Weakening: Any name can be erased from a chart.

Notice that each of these rules is valid and that each involves charts.
Some of them have to do with getting information into charts from sen-
tences. Some have to do with getting information from charts to sentences.
Some have to do with inference between charts. Moreover, the rules given,
along with the axioms mentioned and some complete sct of first-order ax-
ioms and rules, form a complete set. In other words, given any sct T of
sentences and possibly a chart, if ¢ is either a chart or a sentence such
that cvery model in which every member of T is true is a model in which
¢ is true, then ¢ can be proved from I" using only the rules and the axiom
described above, and the first-order rules.

A logic of sentences and Venn diagrams

Any of the diagrammatic systems described above can be extended to be
heterogencous by adding appropriate sentences, cnriching the syntax of
the diagrams if needed, and providing rules of inference allowing inference
between the two types of representations. For example, the addition of
interpreted first-order sentences built from predicates like Between(z, y, 2},
On(z,y), etc. to the system of geometry, along with appropriate linguistic
axioms and heterogeneous rules, would allow one to carry out rigorous
heterogeneous proofs very much like those actually given in plane geometry.
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Similarly, one can combine first-order sentences with a version of the
system of Venn diagrams presented above, as in Hammer [1995]. We will
briefly describe such a system.

o 3e((P(z) A =Q(2)) V (Q(x) A —P(x)))

Figure 9: An instance of the rule of Existential-observe.

Sentences are built up from constant symbols and predicate symbols
of cach arity. Diagrams are just as in the system above, except that cach
closed curve is tagged by a “sct term” rather than an atomic label as in
the system above. These set terms are formed by abstracting over the free
variable in an open formula, as with “TP(z)” and “g(Q(y) vV 32R(y, 2)).”
Models for the system are extensions of first-order models. The interpre-
tation of a closed curve in a model is as expected: it is assigned the set of
objects satisfying the open formula labeling the curve in the model. Truth
in a model for sentences is as usual; truth in a model for diagrams is just
as in the Venn system above.

The diagram-to-diagram rules are exactly as above; for sentence-to-
sentence rules one can take any complete set of first-order rules and axioms.
The occurrence of set terms as labels of closed curves obviously enriches the
syntax of the diagrams sufficiently to allow one to formulate explicit and
effective diagram-to-sentence and sentence-to-diagram rules. One way to
do this is to associate regions of a diagram with set terms in a systematic
manner based on those occurring as labels in the diagram. The region
enclosed by a curve is associated with the set term labeling it. If a region
r is associated with some set term Z¢, then the region within the rectangle
but outside of 7 is assoclated with Z—¢. Similarly, overlap of regions is
associated with conjunction, the combination of two regions is associated
with disjunction, and so on. Given this relation, effective rules of inference
can be stated. For example, if a diagram has shading in region », and the
region within the rectangle but outside r is associated with T¢, one can
infer V¢, Figure 9 displays an instance of a heterogeneous rule in this
system. Completeness of the system is proved in Hammer [1995].

An issue arises with heterogencous systems of whether a “sentence-
elimination theorem” is provable (see Hammer [1995a]). In other words, if
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It is typical to model the target domain by a mathematical structure. Each
such structure models a possible way things could be, consistent with the
information given by the representation. Typically, a structure will have
the form M = (U, S1,...,8m,1,...) consisting of some (possibly empty) set
U of objects (possibly organized into sorts), a class of relations S; holding
among the objects, and a function I assigning objects of the structure to
some or all of the primitive grammatical objects. A structure may have
other features and may put various restrictions on its various components.
The class of all structures that could model the target domain, consistent
with some well-formed units, is then used to classify the content of those
units.

A relation of truth in a structure is a relation between structures and
well-formed units. Whether the relation holds or not between a structure
M= (U,51,...,58n,1,...) and a well-formed unit ¢ depends on each of the
primitive grammatical relations holding among the grammatical primitives
of ¢. For each such grammatical relation R holding among grammatical

primitives a1,...,a,, a fixed condition among the relations of the structure
must be met. In other words, the fact that R holds among grammatical
primitives ay, ..., a, is associated with some condition ®p(M,a1,...,an).

If for each such grammatical primitive relation R of ¢ the corresponding
condition ®p is met by M, ¢ is true in M. Various conditions may be
put on the relation of truth in a structure, such as preservation of truth
in a structure under isomorphic copies of it for some particular notion of
isomorphism.

A relation of logical consequence is a relation holding among well-formed
units, defined in terms of truth in a structure. Let I' be some set of well-
formed object and ¢ be a well-formed object. The logical consequence. of
¢ from I' depends on ¢ and the class of all structures M such that every
member of T is true in M.

A rule of inference is a relation holding between sets of well-formed units
and well-formed units. Whether this relation holds is a function purely of
the grammatical relations holding among the diagrammatic primitives of
the various well-formed units in the set.

This description of the components of a logic should not be too unusual,
though the notion of a grammar is slightly more inclusive than usual. Of
greater intcrest are the further, more fine-grained classifications of sys-
tems suggested by the diagrammatic and heterogeneous systems presented
above, a matter to which we now turn.

Logical systems have traditionally been classified according to consider-
ations along the following lines: whether every class of structures definable
in one system is definable in some other system; whether the class of de-
numerable structures is definable in a given system; whether elementary
equivalence of two structures entails isomorphism; whether a certain type
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of isomorphism entails elementary equivalence; whether the set of valid
sentences is effectively enumerable; and whether the Beth property holds
for a system.

The systems considered here, however, suggest some very different po-
tential classifications of logical systems. First of all, they focus attention
on the representational level of proof in addition to the level of content
of proof. Secondly, they display some very unusual relationships between
representations and what a system seeks to represent, suggesting the pos-
sibility of a mathematical study of representation and how it represents,
beyond the usual mathematics of inference and consequence.

For example, where standard analyses are concerned with various no-
tions of isomorphism between structures of a system, some of the systems
under examination here suggest investigation of various notions of isomor-
phism between a structure M of a system and those representations that
are true in M. One may very well be interested in defining some notion of
isomorphism “2” having the following property: if a representation R is
true in M, then R = M, where R © M provides more illumination into the
connection between representation and structure than “R is true in M.”
As in the case of Hyperproof, these special relationships between repre-
sentations and structures may allow for non-standard deductive practices,
such as allowing one to prove satisfiability of a sentence or non-consequence.
One could think of such a study of representation as a formalization of some
of the informal semiotics of iconic representation that has been carried out
since Peirce.

Homomorphic systems

In the remainder of the chapter, we briefly examine some of the new criteria
with which logics, especially diagrammatic and other non-linguistic ones,
can be compared. First, we will provide an explicit definition of a “ho-
momorphic” or “diagrammatic” system for purposes of comparison rather
than as a cut-and-dried, definitive definition:

1. Objects in the domain of a structure, “target objects”, are repre-
sented by tokens of diagrammatic primitive objects, “icon tokens,”
with different sorts of objects represented by different types of tokens.

2. If 7 is the interpretation function of a structure, then for those repre-
scntations true in the structure, @ preserves the grammatical struc-
ture holding among the icon tokens constituting such representations
in the following ways:

e If icon tokens of a representation stand in some relevant rela-
tionship R, i.e. they hold of a primitive grammatical relation,
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then there is a corresponding “target” relationship S holding
among the objects of the domain to which they arc assigned by
7.

e The converse holds as well.

e [f a grammatical relationship among icon tokens has some struc-
tural property (like transitivity, asymmetry, irreflexivity, etc.),
then this same property must hold of the objects assigned to the
tokens by 7.

e The converse holds as well.

o If a token t of some type T (say closed curve) has some special
property P (say being shaded), then 7 (¢) is an object of some
type 7(T) having some special property #(P) on the domain
(say, an empty set rather than just a set).

e The converse holds as well.

3. Every representation is true in some structure.

A system will be called “more diagrammatic/homomorphic” or “less
diagrammatic/homomorphic” in virtue of having more or fewer of these
features listed above, and also in virtue of having stronger or weaker ver-
sions of them.

We illustrate these definitions with some examples. Let us start with a
very extreme case of a diagrammatic logic, a logic for reasoning about the
relationships of containment of drawn closed figures within other drawn
figures. A structure of this logic consists of a number of drawn figures
standing in relations of containment or non-containment with one another.
Each drawn figure (as a syntactic object) is interpreted in a structure as
some drawn closed figure. Truth of a diagram in a structure depends simply
on whether the relationships of containment and non-containment among
the drawn figures is (literally) preserved under their interpretation in a
structure. So the system has a particularly strong version of Condition 1
and also a particularly strong version of the first clause of Condition 2. One
reasons about certain relationships among certain types of objects with the
objects and relationships themselves; one reasons with the target objects
and target relations.

Let us now look at another, slightly less extremely diagrammatic sys-
tem. The primitives consist of names a,b,c... and a bar —. Diagrams
consist of finitely many names separated by bars, likea—b—c—b—a—d.
The only grammatical relation is the left-of relation among names. In this
system, unlike the system above, names arc not interpreted as names but
rather as arbitrary objects, so that it has a weaker version of Condition 1.
The only relevant relation among objects of the domain is the left-of rela-
tion. For truth in a structure, the left-of relation must be preserved under
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the interpretation function. Again, it has a very strong version of the first
clause of Condition 2. For example, ¢ — b — d is a logical consequence of
a—b—c¢—d, and any diagram is a logical consequence of a — b — ¢ — b,
since this last is unsatisfiable.

Both of the logics above have rather extreme diagrammatic features.
In cach case, the single primitive grammatical relation is required to be
literally preserved under interpretation functions. The first logic is even
more extremely diagrammatic than the second since the primitive syntac-
tic components, closed figures, represent objects of the very same sort:
closed figures. An cven more extreme case could have them representing
themselves.

It is clearly far too much to ask of a logic that it have such extremely
homomorphic features as the two logics above to qualify as diagrammatic.
In most diagrammatic systems, grammatical relations among grammatical
objects are not required to be preserved literally under the interpretation
function. For example, consider a logic with the same grammar as the
drawn-figure logic above, but with figures now interpreted as sets, and
containment among figures now corresponding to the subset relationship
among the sets they denote. In this system, it is not literally the same rela-
tionship required to be preserved from representation to domain for truth
in a structure. The grammatical relation is a physical relation between
physical objects, the target relation it represents an abstract one among
abstract objects.

Other clearly diagrammatic logics enjoy an even less direct connection
between grammatical relations and target relations. With most diagram-
matic systems there is no one-to-one correspondence between grammatical
relations and relations in the domain as with the previous three systems.
In other words, with most diagrammatic logics, it is not the case that with
each grammatical relation R there is a unique target relation S required
to hold of the referents of grammatical objects whenever they hold of R
in a diagram and vice versa; it is not generally the case that when a di-
agram is true in a structure, the structure’s interpretation function is a
homomorphism from diagram to structure.

This is most obvious with a system like existential graphs, where most
of the syntactic objects are not referential and where the syntax is en-
tirely isomorphic to linguistic systems. So in general, the following sort of
connection between representation and structure is all that is required for
truth in the structure. For cach grammatical relation R holding among
grammatical primitives, a fixed condition ®; must be met involving the
representation’s grammatical relations and objects, the target objects and
relations,; and the interpretation function.

Since this alone is obviously insufficient to distinguish diagrammatic
from non-diagrammatic systems, there is a necd for further criteria for de-
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termining the extent to which such systems are diagrammatic. While this
matter demands a much more detailed treatment than can be given here, a
temporary solution is simply to call one such logic more diagrammatic than
another if the correspondence between grammatical relations and relations
on the domain required for truth in a structure in the first logic is more
natural than for the other. Obviously the “naturalness” of a diagrammatic
system is at least somewhat relative to the capacities of the particular pro-
cessing system at hand, whether this is a human system or some particular
computational system.

To conclude the discussion of the definition above, consider Condition
3, which we illustrate using the system of Venn diagrams described above.
The Venn system does not satisfy this condition since the same region can
be both shaded and have an X-sequence. Therefore, it is less diagrammatic
than a system that enjoys all the features the Venn system has, while having
the feature that every representation is satisfiable. However, it does have
a weaker version of Condition 3 since there is an effective procedure for
determining of any given diagram whether it is satisfiable. So it is more
diagrammatic than a system having the same homomorphic features except
that the satisfiability of its diagrams is not effectively decidable.

Even linguistic systems can have homomorphic properties. For example,
the temporal ordering of spoken English sentences describing a succession
of events can have the effect of being an assertion of the same temporal
ordering among the events mentioned. Thus, the three sentences “Ahab ate
his salad. Then he ate his soup. Then he ate his cheese,” describe a different
succession of events than does “Ahab ate his salad. Then he ate his cheese.
Then he ate his soup,” sclely in virtue of the three event descriptions
occurring in a different order. One can find many other homomorphic
features in various languages.

Heterogeneity and language in inference

What is special about highly homomorphic systems is that they can very
closely and naturally mirror objects and properties being represented. We
saw that in extreme cases the very objects and properties themselves can
be used in the representations reasoned with.

Perhaps unfortunately, the expressive generality of a system is often in-
compatible with its capacity for being diagrammatic. If a system needs to
be able to represent the left-of or subset relation it can do so in a highly dia-
grammatic manner. However, if it is to represent arbitrary binary relations,
say, its potential for being homomorphic drops dramatically. It is hopeless
to try to have a separate diagrammatic representation for every binary re-
lation: one for father-of, one for owns, onc for front-of, one for taller-than,
etc. If a combinatorial explosion of notation is to be avoided, the only ho-
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momorphic features retainable concern those properties of binary relations
common to all of them, such things as having two argument places, having
a distinguishable order among the argument places, and being distinguish-
able from one another. The overt, diagrammatic features characteristic of
the systems having only to represent a few particular relations have been
necessarily traded for economy of representational resources, elegance, and
readability. The problem obviously worsens for a system needing to be able
to represent, say, arbitrary n-ary relations, arbitrary second-order proper-
ties, and so forth.

Despite this trade-off between degree of homomorphism and expressive
range, heterogeneous systems can allow one to balance expressive range
with homomorphic representation, to have one’s cake and eat it too. Since
they are essentially combinations of two or more systems, each subsystem
of a heterogeneous system can be specially adapted to a particular aspect
of the domain to be represented. Representational labor can thereby be
divided.

As a real-life example of this sort of division of represcntational labor,
consider the case of circuit design. Here it is typical to appeal simultane-
ously to timing diagrams, state charts, circuit diagrams, and language in
reasoning about a single piece of hardware. The reason these different sorts
of representations are used in the same reasoning process is that each one is
specially attuned to a different aspect of the type of hardware in question.
The state diagrams are attuned to the issue of control, circuit diagrams to
the construction from logic gates, timing diagrams to the value of a wire
as it changes through time, and language to high-level description. To at-
tempt to combine these various representational tasks into a single type of
representation would result in chaos. It is much more useful to keep them
separate and to reason back and forth between them.

What is needed in cases of heterogeneous reasoning is usually not a su-
persystem able to represent everything in some canonical fashion. Rather,
what is needed is a semantic underpinning tying the different types of repre-
sentations together, as illustrated with the heterogeneous systems presented
above. By utilizing different sorts of representational systems simultane-
ously, one is able to exploit the homomorphic power of various formalisms
without restricting one’s expressive power in the process by their specificity
of application.

It may be that dividing representational labor in some cases results in
a corresponding increase in complexity in the heterogeneous rules needed
to translate between the different components of such systems. We leave
this matter to further study.

Besides generality, a second limitation on the degree of homomorphism
a system can have concerns the fact that some expressive tasks simply
leave very little room for it. Disjunction of assertions, for example, is
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not ripe with representational possibilities. Infix notation in a language is
more-or-less as diagrammatic a mechanism as is possible. One might call
the expression of disjunction a “thin” representational task, one which is
expressible as well by language as by diagram. Other thin representational
tasks include conjunction, negation, universal quantification, and so on.

Diagrammatic systems built around the representation of thin concepts
show a marked lack of the representational perspicuity sought in diagrams.
Peirce’s system of existential graphs, for example, is a diagrammatic sys-
tem able to represent only thin concepts. This creates its structural isomor-
phism with certain first-order linguistic systems having the same expressive
range (see Zeman [1964]).

On the other hand, representational tasks like the expression of a linear
ordering or the inclusion relation among sets are “thick” in allowing for a
much greater range in degree of homomorphism among different represen-
tations of them. They have more elaborate and specific properties than
do thin tasks, thus allowing these specific properties to be closely mirrored
in a represention. Diagrams are especially useful for thick representational
tasks, and perhaps any other sort of job is best left to other kinds of rep-
resentation.

Scalability

Many have expressed the concern that, nice as diagrammatic and hetero-
geneous formalisms can be in simple cases, they are simply not scalable to
more complex cases. By way of addressing this worry, we make three com-
ments. First of all, the same worry might easily be directed towards various
first-order formal systems. It is not at all obvious that a few trivial-looking
rules and axioms like modus ponens or universal generalization would be
useful at all in a real-life, complex domain such as mathematics or com-
puter science. However, the appearance is clearly misleading in this case
and perhaps in the case of some diagrammatic and heterogeneous systems
as well.

Secondly, heterogencous systems allow one to do such things as extend
standard linguistic systems for the purposes of allowing a more perspicuous
expression of common cases or key features, say, in mathematical proofs.
So they can increase (or at least not decrease) the power of already quite
powerful linguistic systems.

Thirdly, many non-linguistic systems are able to express very large
amounts of data in a compact way. Topographical charts are an exam-
ple of this. Practically an infinite amount of information can be expressed
by means of a very few lines with one of these. A linguistic expression of
the same information would be much more complex. So at least in some
cases, scalability is more of a problem for linguistic systems than for di-
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modeled, but also from what idealizations are made about it. We argued
that the diversity of logical systems arising from taking both of these vari-
ables into consideration is not handled well by means of standard accounts
of what constitutes a logical system.

Though any of the idealizations mentioned could be dropped with an
increase in coverage, we concentrated on logical systems violating Ideal-
ization 1.2. This was the assumption that the external representations of
an inference practice can be adequately modeled by means of a linear se-
quence of symbols. When one drops this assumption, the resulting systems
display many logical properties not readily expressible in terms of linguis-
tic systems. For example, the representations of some of these systems
display close relationships to structures themselves, sometimes serving as
representations of them, allowing one to establish deductively facts usually
obtainable only model-theoretically. Other systems allow one to hard-wire
part of one’s inferential burden into the representations themselves. Oth-
ers provide a more accurate model of inference practices involving charts,
tables, diagrams, etc. For example, heterogeneous systems appear when
Idealization 1.2 is dropped, thus allowing one to model many features of
actual reasoning not easily capturable by linguistic or strictly diagram-
matic systems. As is often done in actual practice, such systems allow one
to divide representational labor among different types of representations
and to transfer information from one type to another.

Many of these systems also have interesting logical properties, a topic
we were able to treat only cursorily. For example, heterogencous systems
suggest the study of how one representational component of such a system
can be isolated either proof-theoretically or model-theoretically from the
others. Does a restricted completeness theorem hold within a single compo-
nent of the heterogencous system or not? How do the various components
compare in terms of expressive range?

A great deal of real-life reasoning and representation is heterogeneous,
diagrammatic, graphical, and so on. We hope to have pointed out some
of the topics of concern that will arise in a logical treatment of this area
and to have made it obvious that there are many other such topics not yet
discovered. We hope also to have provided motivation for the development
of a potentially very fruitful new field.
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provide us in the following respects:

1. What are the formation rules of meaningful units in this system?
2. What are the meaningful units of this system about?

These two questions help us to answer whether this Venn diagram system is
a standard formal representation system or not. If this system is deductive
(which we want to claim), then one more question should be answered:

3. What are the rules for manipulating the objects of this system?

These questions will be discussed in §1, §2 and §3, respectively. In order
to address the first point, i.e. what are the formation rules, we need to
specify the set of primitive objects of which a meaningful unit in this system
consists. Before this syntactic discussion begins, let us consider some of the
features we want to incorporate into this representation system.

Let us think of the information which this system aims to convey. The
following are examples:

All unicorns are red.

No unicorns are red.

Some unicorns are red.
Some unicorns are not red.

These four pieces of information have something in common. That is,
all of these are about some relation between the following sets—the set of
unicorns and the set of red things. FEach piece of information shows a
different relation between these two sets. Therefore, the Venn diagram
system needs to represent the following: sets and relations between sets.

A set is represented by a differentiable closed curve which does not
self-intersect, as follows:

However, a main question is whether we want to have an infinite number
of different closed curve-types or only one closed curve-type. An analogy
with sentential logic might be helpful in this matter. In sentential logic we
are given an infinite sequence of sentence symbols, Ay, Ao, .... An atomic
sentence of English is translated into a sentence symbol. When we trans-
late different atomic sentences of English into the language of sentential
logic, we choose different sentence symbols. It does not matter which sen-
tence symbols we use, as long as we use different symbol-types for different
English sentence-types. Another important point is that after choosing a
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sentence symbol (type), say Ayr, for a certain English sentence (type), we
have to keep using this sentence symbol, the 17th sentence symbol, for the
translation of this English sentence-type.

Therefore, if the first alternative—to have different closed curve-types—
is chosen for this system, then we can say, just as in the language of sen-
tential logic, that tokens of the same closed curve-type represent the same
set. However, in this system we would have to accept the following coun-
terintuitive aspect: very similar looking (or even identical looking) closed
curve-tokens might belong to different closed curve-types. Even though we
think it is theoretically possible to have such a system, we decide to choose
the other alternative, that is, to have only one closed curve-type.

Now one question is how to represent different sets by closed curves.
Of course, we want to say that in VENN different sets are represented
by different closed curves. However, these different closed curves are to-
kens of the same type-the closed curve-type, since we have only one closed
curve-type. In the case of sentential logic, we have an infinite number of
sentence symbol-types to represent an infinite number of English sentence-
types. Therefore, different English sentence-types are represented by differ-
ent sentence symbol-types. In VENN we have only one closed curve-type
to represent an infinite number of sets. A main problem is how to tell
whether given closed curves represent different sets or not. Of course, we
cannot rely on how these tokens look, since every token; of a closed curve
belongs to one and the same type. It seems obvious that we need an extra
mechanism to keep straight the relation among tokens of a closed curve,
unlike in the case of sentential logic. This point will be dicussed after the
primitive objects are introduced.

Suppose that the following closed curve represents the set of unicorns:

Accordingly, this closed curve makes a distinction between the set of uni-
corns and anything else. Strictly speaking, the area enclosed by the closed
curve, not the closed curve itself, represents the set of unicorns. It will
be good if we can treat anything else as a set as well. However, there is
no such set as the set of non-unicorns, unless there is a background set.
Therefore, we want to introduce a way to represent the background set in
each case. Whatever sets we want to represent by closed curves, we can
always come up with a background set which is large enough to include all
the members of the sets represented by the drawn closed curves.



1. Syntax 85

A background set is represented by a rectangle, as follows:

As in the case of closed curves, we also need some mechanism in order to
make sure whether tokens of a rectangle represent the same background
set or not.

For the given example, we will draw two closed curves within a rectan-
gle to represent three sets: the set of unicorns, the set of red things and
the background set. However, in order to represent the four pieces of infor-
mation mentioned above, we should be able to represent the following sets:
the set of non-red unicorns and the set of red unicorns.? We might need to
represent the set of red non-unicorns and the set of non-red non-unicorns
as well, depending upon the information we want to convey. The moral is
to draw closed curves in such a way that we should be able to represent all
of these sets in one diagram:

In addition to the background set, the set of unicorns and the set of red
things, the overlapping closed curves make a distinction among the set of
red unicorns, the set of non-red unicorns, the set of red non-unicorns and
the set of non-red non-unicorns. This feature should be incorporated not
only into the syntax of this system, that is, into the formation rules, but into
the semantics of this system in the following way: Two sets represented by
two disjoint areas do not share any element. And a background set, which
a rectangle represents, is divided exhaustively by the sets represented by
the enclosed areas which are included in the rectangle.?

So far, we discussed how this system represents sets. Now what we need
1s a way to represent relations between sets. For example, the information

2«All unicorns arc red” conveys the information that the set of non-red unicorns is
cmpty, while “Some unjcorns are not red” convcys the opposite information, that is,
the set of non-red unicorns is not empty. “No unicorn is red” says that the set of red
unicorns is empty, while “Some unicorns are red” says the opposite.

FAfter cstablishing the scmantics, we can prove that these two desired features are
expressed in this semantics. For more detail, refer to Shin [1990].
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that all unicorns are red conveys information about a certain relation be-
tween the set of unicorns and the set of red things. That is, every member
of the former set is also a member of the latter set. However, this relation
can be expressed in terms of the set of non-red unicorns. That is, the set of
non-red unicorns is empty. In the previous paragraph, we suggested that
this system should represent the set of non-red unicorns. Therefore the
problem of representing relations between sets reduces to the problem of
representing the emptiness or non-emptiness of sets. For the emptiness of a
set, we shade the whole area which represents the set. In order to represent
that a set is not empty, we put down ® in the area representing the set. If
the set is represented by more than one area, we draw ® in each area and
connect the ®’s by lines. For this, we adopt the expression ®”" (n > 1) and
call it an X-sequence. Each X-sequence consists of a finite number of X’s
and (possibly) lines. The formation rules deal with each object in detail.

Primitive Objects
We assume we are given the following sequence of distinct diagrammatic

objects to which we give names as follows:

Diagrammatic Objects Name

closed curve

rectangle

shading

e X

How can we talk about diagrams or parts of diagrams of this system? In the
case of linguistic representation systems, we adopt the convention to use
quotation marks. For this visual representation system, we suggest writing
down a letter for the name of each diagram and cach closed curve and each
rectangle. Introducing letters as names (not as part of the language but
as a convention for our convenience) solves our problem of how to mention
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diagrams, rectangles or closed curves. But, how do we mention the rest of
our system, i.e., shadings and X’s?

First, let me introduce three terms for our further discussion—region,
basic region and minimal region. By region, we mean any enclosed area in
a diagram. By basic region, we mean a region enclosed by a rectangle or
by a closed curve. By minimal region, we mean a region within which no
other region is included. The set of regions of a diagram D (let us name it
RG(D)) is the smallest set satisfying the following clauses:

1. Any basic region of diagram D is in RG(D).

2. If Ry and Ry are in set RG(D), then so are the intersection of R; and
Rs, the union of R; and Ry, and the difference between R; and Rs.

For reasons that we will see soon, we need to refer to the regions of a
diagram. We can name the regions which are made up of rectangles or
closed curves by using the names of the rectangles and closed curves. For
example, in the following diagram,

U

there are three regions—a part enclosed by a rectangle, U, a part enclosed
by a closed curve, A, and a part enclosed by U and and not by A. As
said above, let us name a region after the name of the closed curve or the
rectangle which encloses it. So, the first region is region U and the second
is region A. Since the third region is the difference between region U and
region A, we name it region U — A. Let us think of the case in which some
closed curves overlap with each other, as in the following example:

U

We refer to the region intersected by both region A and region B as region
A-and-B, and refer to the region which is the union of region A and region
B as region A+ B.
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To implement these ideas, we get the following convention of naming
the regions:

1. A basic region enclosed by a closed curve, say, A, or enclosed by a
rectangle, say, U, is named region A or region U.

Let Ry and Ry be regions. Then,
2. A region which is the intersection of Ry and R» is named R;-and-Rs.
3. A region which is the union of R; and Ry is named R + Rs.
4. A region which is the difference between Ry and Ry is named Ry — R».

Recalling the definition of set RG(D) (the set of regions of diagram D)
given above, we know that this convention of naming the regions exhausts
the cases.

Let us go back to the question of how to talk about shadings and X’s.
As we will see soon, any shading or any X of any diagram (at least any
interesting diagram) is in some region. Now, in order to mention these
constituents of our language we can refer to them in terms of the names of
the smallest regions. For example, we can refer to a shading or an X which
is in region A (where A is the smallest region with these constituents) as
the shading in region A or the X in region A.

Before moving to the formation rules of this system, we need to discuss
one more point mentioned in the preliminary remarks: a relation among
closed curve-tokens and a relation among rectangle-tokens. Suppose that
the following are given to us:

How can we tell whether these two closed curves represent different sets or
not? It depends on whether a user of the Venn diagrams intends to repre-
sent the same set or different sets by these two tokens of the closed curve.
Accordingly, the relation in which we are interested is the relation that
holds among closed curve-tokens or among rectangle-tokens which repre-
sent the same set. Let us name this relation a counterpart relation. Then,
we can think of the following features for this special relation: First of
all, this relation should be an equivalence relation among basic regions of
given diagrams. Second, a counterpart relation holds only among tokens of
the same type—among closed curves-tokens and among rectangle-tokens.
Third, since a user would not draw two closed curves within one diagram
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to represent the same set, we want to say that within one diagram a coun-
terpart relation does not hold among distinct basic regions.

Given diagrams D1,..., D,, let a counterpart relation (let us call it set
cp) be an equivalence relation on the set of basic regions of Dy, ..., D,
satisfying the following:

1. If (A, B) € cp, then both A and B are either closed curves or rectan-
gles.

2. If (A, B) € cp, then either A is identical to B or A and B are in
different diagrams.

Within one diagram, every basic region enclosed by a closed curve or a
rectangle has only one counterpart, that is, itself. Therefore, we have only
one cp set. However, when more than one diagram is given, there would
not be a unique set ¢p. For example, in the following diagrams,

U 1%

| AQ c

B

all of the following sets satisfy the conditions of set cp:

L {{U,U), (V.V), (4, 4), (B, B), (C,C)}

2. {(U,U), {(V,V), (A, 4), (B, B), (C,C), (U, V), {(V,U)}

3. {{U,U), (V. V), (4, 4), <B,B>7 <C,C>a (4,B), (B, A)}

4. {{U, ), (V, V), (A, A), (B,B), (C,C), (A,C), (C, A)}

5. {{U.U), (V, V), (A, 4), (B, B), (C,C), (U, V), (V. U), (A, B), (B, A} }
6. {{U,U), (V.V}, (A, 4), (B, B), (C,C), (U, V), (V,U), (4,C), {C, A)}

Among these equivalence relations, a user chooses set ¢p for each occasion.
For example, if a user intends to represent the same set with A and C and
the same set with U and V, then this user chooses the sixth equivalence
relation as set ¢p. Some user might intend to represent the same set by A
and B and the same set by U and V. In this case, the fifth relation above
will be the set ¢p the user chooses. Or, some user might intend to represent
different sets by each closed curve and by each rectangle. In this case, the
user chooses set cp such that all of its elements consist of a basic region
and itself—the first relation above.
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Well-Formed Diagrams

We assumed that any finite combination of diagrammatic objects is a di-
agram. However, not all of the diagrams are well-formed diagrams, just
as not all of the expressions are well-formed formulas in sentential logic or
first-order logic. The set of well-formed diagrams, say D, is the smallest
set satisfying the following rules:

1. Any rectangle drawn in the plane is in set D.

2. If D is in the set D, then if D’ results by adding a closed curve inte-
rior to the rectangle of D by the partial-overlapping rule (described
below), then D’ is in set D.

Partial-overlapping rule: A new closed curve should overlap every
existent minimal region, but only once and only part of each minimal
region.

3. If D is in the set D, and if D’ results by shading some entire region
of D, then IV is in set D.

4. If D is in the set D, and if D’ results by adding an X to a minimal
region of D, then D' is in set D.

5. If D is in the set D, and if D’ results by connecting cxisting X’s by
lines (where each X is in different regions), then D’ is in set D.

According to this recursive definition, every well-formed diagram should
have one and only one rectangle. It also tells us that if there is any closed
curve on a diagram, it should be in the rectangle. Therefore, this definition
rules out all the following diagrams as ill-formed:

0
s 9 1o

Let me illustrate through examples how the partial-overlapping rule in
clause 2 works. By the first clause, for any well-formed diagram there
should be a rectangle in it. Let us name it U as follows:
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Diagram a

First, let us try to draw a new closed curve, A. How does this partial-
overlapping rule work? In diagram a, there is only one minimal region—the
region U. The new closed curve A should be drawn to overlap a part of
this existent region.

Therefore,

U

A

O

Diagram b

Next, we are going to draw another new closed curve, B, on this sheet of
paper. In diagram b, there are two minimal regions—region A and region
U — A. According to this partial-overlapping rule, the new closed curve B
should overlap each of these two regions, but only partially and only once.
That is,

U

A B

Diagram ¢

Therefore, the following diagrams are ruled out:
U U
A A O B A

Diagram 1 Diagram 2 Diagram 3

B
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In Diagram 1, one minimal region—region U — A—is not overlapped by the
new closed curve B. In Diagram 2, one minimal region—region A—is not
overlapped by B at all. In Diagram 3, minimal region U — A is overlapped
by the new closed curve B twice.

Next, we want to draw one more closed curve, C. All the following
diagrams are eliminated:

U U U
C [\ B A 5
Q. W) | |
A
Diagram 4 Diagram 5 Diagram 6
U U U
A
B B
A
A B ¢
Diagram 7 Diagram 8 Diagram 9

Diagram c on the previous page has four minimal regions: region U — (A +
B), region A — B, region A-and-B and region B — A. We have to make
sure that the third closed curve, C, should overlap every part of these four
minimal regions. That is,

U
A B
C
Diagram d

Clause 3 says that, a shading, if there is any, should fill up region(s).
Therefore, the following is not well-formed:
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From regions to sets

Each basic region, which is made by a closed curve or a rectangle, represents
a set. Since we are concerned with wfds, let us define the set BRG to be
the set of all basic regions of wfds. Let D be a set of wfds. That is,

BRG = {a basic region of D | D € D }.
Let U be a non-empty domain. Then, for any function f such that
f: BRG — P(U), where if (A, B) € ¢p, then f(A) = f(B),

we can extend this function to get the mapping from set RG—the set of
all regions of diagrams in set D—to P(U/). This extended relation is a

homomorphism between regions and sets. That is, f : RG — P(U), where

4 if A € BRG
Fo ) J(A) = J(A) iTA=A -4,

f(A) N f(A2) if A= Aj-and-A;

AU F(Ag) if A= A + Ay

From facts to facts

Among the primitive objects of this system listed in §1, rectangle-tokens
and closed curve-tokens make up regions, and these regions represent sets
as seen above. The other objects — a shading and an X —- represent certain
facts about the sets represented by the regions in which these constituents
are drawn. The following are important representational relations in this
system:

e A shaded region represents the empty set.

e A region with an X-sequence represents a non-empty set.

How do we define this representational relation? We want to define a
function between facts about regions of a diagram and facts about sets of
a situation. There are many facts about regions of a diagram. However, as
said before, not all of them are representing facts. The function we have in
mind is concerned only with the representing facts in diagrams. What are
the representing facts in this system? The two kinds of representational
relations listed above show us what the representing facts are:

1. A region, say A, is shaded.
2. An X-sequence is in a region, say A.

We need some remark about the second statement. This statement can be
ambiguous in the following reason: If an X-sequence is in region A, then
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we can say that the X-sequence is also in region B if region A is a part of
region B. For example, it is true that the X-sequence, ®2, is in region A
in the following diagram:

U

®

However, it is also true that the X-sequence is in region A+ B, or in region
U. In this case, we are concerned with the smallest region with the X-
sequence. Since each ® of the X-sequence is in a minimal region in a wfd,
the union of the minimal regions with ® is the smallest region with the
X-sequence. Now, we can express the representing facts (listed above) by
means of situation-theoretic terminology—infons—as follows:

(1) {shaded, A; 1)).
(2) {In, @™, A; 1)), where
A=A+ ---+ A, and
for every 1 <1 <mn, A; is a minimal region with ®.

What are the facts that these representing facts represent? Based upon
the homomorphism f defined above, let us express these represented facts
by means of situation-theoretic terminology:

(1) {Empty, f(A); 1)
(2') (Empty, f(A); 0)

If these were all representing facts, then we would have to say that the
following two diagrams contain the same representing facts:

AQ
However, we want to say that these two diagrams represent different facts.
Intuitively, the diagram on the right represents the set region A repre-
sents along with the background set, while the left one does not represent

any set, except the background set. Therefore, we want to add one more
representing fact:

(3) (Region, 4;1)
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The following fact is represented by this representing fact:

(3) (Set, F(A); 1)

Let D be a set of wfds. Let D-Facts be the set of the facts about diagrams
in D. That is,

D-Facts = {a| D = o and D € D}, where
D k= o iff a is true of the diagram D.

Let S-Facts be as follows: (Suppose that U is a non-empty domain.)

S-Facts = {a | a = {(Empty, a;¢)) or {Set, a;1)}, where
i€ {0,1} and a € P(U).

Since not all of the facts about diagrams are representing facts, the ho-
momorphism between D-Facts and S-Facts must be partial. Define a
homomorphism & from facts about diagrams to facts about sets as follows:

h({(Shaded, A;1))) = (Empty, f(A); 1),
A((In,@", 4; 1)) = (Empty, f(A);0).
h{{Region, 4;1))) = (Set, f(A);1).

Content of a diagram

In a deductive system, the semantics of the system allows one to define
what it is for a sentence (of the language) to follow from a set of other
sentences (of the language). In the case of sentential logic, wff o follows
from a set T’ of wffs if and only if every truth assignment which satisfies
every member of T" also satisfies «. In the case of first-order logic, sentence
o follows from a set I' of sentences if and only if every model of T is also a
model of a. In either case, a definition for a logical consequence seems to
fit our intuition that a conclusion follows from the premises if the truth of
the premises guarantees the truth of the conclusion.

What we want is for the semantics of VENN to define a similar kind of
inference between a wfd and a set of wfds. What is it for one wfd to follow
from a set of other wfds, using the analogy of deductive systems? We think
that in this representation system, the content of a wfd is a counterpart of
truth assignment (in sentential logic) or of structure (in first-order logic).
As a logical consequence relation between wffs is defined in terms of the
truth values of wffs, we can expect a similar consequence relation between
wfds to be defined in terms of the contents of wfds, as follows:

(1) Wfd D follows from a set A of wfds (A = D) iff the content of the
diagrams in A involves the content of the diagram D.

Therefore, we need to formalize the content of a diagram and the involve-
ment relation between the contents of diagrams.
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What is the content of a diagram? By the two homomorphisms defined
above, we can draw a diagram to represent certain facts of the situations
about which we aim to reason. Also, we can talk about what a diagram
represents—the content of a diagram. Therefore, the content of a wfd D,
Cont(D), is defined as the set of the represented facts:

Cont(D) = {h(c) | D E @ and D € D}, where
h is the homomorphism defined above.

Suppose A is a set of wfds. Then, the content of the diagrams in this set
(say, Cont(A)) is the union of the contents of every diagram in A. So,

Cont(A) = Upea Cont(D)

What does it mean that the content of wfds in A involves the content of wfd
D? Let us express this as Cont(A) = Cont(D). Here, we use Barwise
and Etchemendy’s infon algebra scheme to define the relation between the
contents of diagrams.

Let U be a set such that it is a universe of objects. Let Sit be a subset
of P(P(U)) such that it is closed under U and —. We define a situation
s to be s € Sit—a set of subsets of U closed under U and —. Let o be a
basic infon such that o = (R, a; 7)), where R € {Empty, Set}, a is a set and
7 € {0,1}. We define what it means for a basic infon ¢ to be supported by
one of these situations s, as follows:

s = (Empty, ;1)) iff z € sandz=040.
s = {(Empty, z;0) iff z € s and z'# (.
s = ((Set, a; 1) iff xzE 8.

Let ¥; and ¥, be sets of infons. We define the involvement relation as
follows:

(2) 21 > 22 iff stSit (V(,GEIS }: o — VﬁGEzS %: B)

The formal scheme expressed in (2) reshapes our intuitive idea on the
inference of a wfd from a set of wfds, expressed in (1), as follows:

Definition: Wfd D follows from set of wfds A (A | D) iff every situation
which supports every member of Cont(A) also supports every member of
Cont(D) (Cont(A) == Cont(D)).

Recall that our definition of the content of a wfd tells us the information
that the diagram conveys. The content of the diagrams in A involves the
content of the diagram D if and only if the information of diagram D is
extractable from the information of the diagrams in A. Therefore, the
above definition for A |= D reflects our intuition that a valid inference is a
process of extracting certain information from given information.






3. Rules of Transformation 99

(Case 2)

D

(ii) When we omit the shading in some region, we should erase the entire
shading in a minimal region. Otherwise, we get an ill-formed diagram. In
the following case, this rule allows us to transform the diagram on the left
to the diagram on the right.

(Case 3)

(iii) The erasure of a whole X-sequence allows the transformation from the
left figure to the right one.

(Case 4)

R2: The rule of erasure of the part of an X-sequence

We may copy a wfd omitting any part of an X-sequence only if that
part is in a shaded region. That is, we may erase ®- or -®, only if the ®
in ®- or -® is in a shaded region. Let us compare the following two cases:
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(Case 5)

(Case 6)

The transformation in Case 5 is legitimate by this rule. However, we do
not have any rule to allow the transformation in Case 6. The part of the
X-sequence which is erased in the diagram on the right, that is, -®, is not
in the shaded part of the diagram on the left. Therefore, Rule 2 does not
allow this partial erasure. Rule 1 is concerned only with the erasure of a
whole X-sequence, not with a proper sub-part of an X-sequence.

R3: The rule of spreading X's
If wfd D has an X-sequence, then we may copy D with ® drawn in some
other region and connected to the existing X-sequence. For example,

(Case 7)

':“

&/
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(Case 8)

®

R4: The rule of conflicting information

If a diagram has a region with both a shading and an X-sequence, then
we may transform this diagram to any diagram. This rule allows us to
transform the diagram on the left to the diagram on the right.

{Case 9)

Rb5: The rule of unification of diagrams

We may unify two diagrams, D1 and Do, into one diagram, call it D, if
the given cp relation contains the ordered pair of the rectangle of D; and
the rectangle of Ds.

D is the wunification of Dy and D5 if the following conditions are satisfied:

1. The rectangle and the closed curves of D; are copied” in D.

2. The closed curves of Dy which do not stand in the given cp relation
to any of the closed curves of D; are copied in D. (Note: Since D is
a wfd, the partial overlapping rule should be observed.)

3. For any region A shaded in D, or Ds, the ¢p-related region® to A of
D should be shaded.

"Let A and B be closed curves. If A is a copy of B, then (regionA, region) € cp.

8Given set cp, sct €p is a binary rclation on RG such that @p is the smallest sct
satisfying the following:

1. If (A, B) € cp, then (A, B) € ¢p.

Suppose that (A, B) € ¢p and {C, D) € ¢p.

2. If A+ C € RG and B+ D € RG, then (A+C, B+ D) € ¢p, (A-and-C, B-and-
D)yeep, (A—-C,B—D)ecpand (C— A, D — B) € cp.
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4. For any region A with an X-sequence in D or Dy, an X-sequence
should be drawn in the ¢p-related regions to A of D.

Let me illustrate this rule through several examples.

(Case 10) Two diagrams, Dy and Ds, are given, where (Uy, Uz}, (A1, As)
€ cp:

11 ve
Al A2

D1 D2

Since the given cp relation holds between the rectangle of D; and the rect-
angle of Dy, we can unify two diagrams. First, we copy the rectangle and
the closed curve of D1 and name them Us and Aj respectively. Accordingly,
(U1,Us), (A1, As) € cp. Since the closed curve of Dy, i.e. As, is ep-related
to the closed curve of Dy, i.e. A, we do not add any closed curve. An X
in region A; of D should be drawn in region As of D, since A; and A3 are
cp-related and As is a minimal region. Therefore, we obtain diagram D:

U3
A8

D

(Case 11) Let (Uy,Us) € cp, and (A;, Ag) & cp. Since Ag is not ep-related
to any closed curve in Dy, we draw the cp-related closed curve, i.e. A4, in
D, to get diagram D as follows (notice that the partial overlapping rule is
observed):
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Ul U2
Al A2
Us
A3 Al
D

(Case 12) Let (U1,Us) € ep, (A1, As) € cp, {Ag, A3) & cp. By definition
of set cp, (A1, A2) & cp, (A3, As) & cp. Accordingly, (A1, Az) & cp (since
cp is an equivalence relation). After copying the rectangle and the closed
curves of D1, we need to copy closed curve Ag. Therefore, the following

hOldS: <U17U3>7 <U27U3>a <A1)A5>7 <A41A5>7 <A2;A6>7 <A37A7> € Ccp.

Ul U2
Al A2 A3
A4
U3
A5
A7
A6

D

Now, we will see how this rule transforms diagrams with shadings or X-
sequences into one diagram:
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§2, the content of a diagram might involve more than its content itself. For
example, the following diagram supports only two infons-—{(In, ®2, A;1))
and {(Shaded, A-and-B;1):

Hence, Cont(D) = {{Empty, f(A);0), (Empty, f(A-and-B); 1)}. How-
ever, the content of this diagram involves other sets of infons as well. For
example, {{Empty, f(A — B);0), (Empty, f(A + B);0)} is involved by
the content of this diagram. That is, the content of the diagram above

involves the content of the following diagram:

If we unify these two diagrams by the unification rule, then the content
of the unified diagram is involved by the content of these two diagrams.
Here, we are interested in the maximal content involved by the content of a
given diagram. Let Closure-Cont(D) be a set such that it is the maximal
content involved by the content of diagram D. That is,
Closure-Cont(D) = {a | Cont(D) = {a} }.

By the definition of Closure-Cont(D), we have Cont(D) = Closure-
Cont(D). We also know that Cont(D) is a subset of Closure-Cont(D).
Therefore, by the definition of involvement relation, Closure-Cont(D) =
Cont(D). We can prove!® that for any diagram D which does not con-
vey conflicting information'! VENN allows us to obtain a diagram whose
content is the maximal content of D.

10Refer to Theorem 9 of Appendix C of Shin [1990].

HThat is, D does not have a region both with a shading and an X-sequence. If D has
a region both a shading and an X-sequence, then by rule of confliction information we
can get any diagram. It is also uninteresting.






